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Abstract
We derive and carry out a detailed analysis of the equations of motion of the type IIB
D branes in generic supergravity backgrounds with fluxes making account of the worldvol-
ume Born–Infeld gauge field and putting a special emphasis on the structure of the Dirac
equation for Dp brane fermionic modes. We present an explicit form of the worldvolume field
equations for each of the Dp branes (p = 1, 3, 5, 7, 9) in the cases in which the Neveu–Schwarz
flux and the Ramond–Ramond p–form flux along the Dp–brane worldvolume are zero and
the supergravity backgrounds do not necessarily induce the worldvolume Born–Infeld flux.
We then give several examples of D3, D5 and D7 brane configurations in which the world-
volume Born–Infeld flux is intrinsically non–zero and therefore must be taken into account
in studying problems where such branes are involved. The examples include D3 and D5
brane instantons carrying (self–dual) worldvolume gauge fields in warped compactification
backgrounds.
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1 Introduction
The actions for the M2 [1] and M5 branes [2] in the D = 11 supergravity background and
those for the Dirichlet branes in type II D = 10 supergravity backgrounds [3]–[6], as well
as their equations of motion [1, 7, 8, 9] have been used for studying numerous problems of
string theory and M theory. The superbrane actions and equations of motion are constructed
in curved target superspaces in terms of the pullbacks to the brane worldvolume of bulk
supervielbeins and tensor gauge field superforms subject to superfield constraints. The
constraints (which actually put theD = 10, 11 supergravity theories on the mass shell) ensure
that the superbranes possess local fermionic kappa–symmetry. In addition to the physical
fields of the D = 10, 11 supergravity supermultiplets the supervielbeins and the tensor
gauge field superforms contain an enormous amount of other fields which upon imposing the
supergravity constraints can either be gauged away by local superdiffeomorphisms and gauge
symmetries or can be expressed in terms of the physical fields via algebraic equations. Hence,
the superbrane actions and equations of motion only implicitly describe the interaction of
the worldvolume modes of the superbranes with the physical supergravity fields, especially
as far as the worldvolume fermions θ(ξ) are concerned. These fermionic modes are Goldstone
fields associated with brane fluctuations in the 32 Grassmann–odd directions θ of the target
superspace.
For various applications of the M–branes and the D–branes it is necessary to know the
explicit dependence of their actions and equations of motion on the physical fields in the
bulk. To obtain the explicit and entire expressions one should eliminate the auxiliary fields
by imposing on the supergravity superfields a Wess–Zumino gauge 1, expand these superfields
in power series of the Grassmann–odd coordinates θ (up to the 32-nd order in D = 10, 11
superspaces) and insert these polynomials into the superbrane actions and/or field equations.
One can perform such an expansion using the gauge completion method [12] or a much more
systematic method of superspace normal coordinates [13, 14, 15, 11, 16].
Though it might be technically possible to arrive at the final expressions, in the general
case they will be unpracticable even if by gauge fixing the κ–symmetry one eliminates half
of the 32 θ(ξ) components and reduces the polynomial order down to 16. In some cases
of particular branes and backgrounds, such as flat space–time (see e.g. [1, 3, 17]) and
AdSd × SD−d [18], gauge fixed M2, M5 and Dp brane actions can be constructed of the
supervielbeins which are polynomials of up to the second or fourth order in the physical
modes of θ(ξ).
In some applications, for instance, for studying brane–world scenarios and
non–perturbative effects due to brane instantons on the generation of superpotentials in
string/M–theory compactifications ([19]–[22] and references therein) it is sufficient, at a first
stage, to know the explicit form of the brane actions up to the second order in worldvolume
fermions, and the equations of motion linear in fermions. This approximation is admissible,
e.g. in situations where the Dirac operator on the brane has exactly two fermion zero modes
which one integrates over to calculate instanton contributions to the effective action.
1This conventional procedure deals with the background field approximation to supergravity–superbrane
interactions. For further discussion and an approach to account the back reaction of branes see [10, 11].
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Quadratic actions for fermions on branes coupled to a generic supergravity background
with fluxes were derived in [15] for the M2 brane, in [23] for a D3 brane, in [24, 25] for the
Dp–branes, and in [26] for the M5–brane. The back reaction of branes on the compactifi-
cation setup has been discussed in [27] and in a general context of interacting superbrane–
supergravity systems in [28].
Using these results, the zero modes of the Dirac operators of brane fermions interacting
with bulk fluxes have been analyzed in [29, 30] for M5–brane instantons in M–theory on
M3 × X8, and in [31, 32, 33] for D3 brane instantons in type IIB String Theory on M4 ×
X6 (where M is the effective physical space–time and X are compactified subspaces of
String/M–theory). It has been shown that in some cases including theK3×T 2/Z2 orientifold
compactification of type IIB String Theory, brane instantons coupled to bulk fluxes can
produce non–perturbative corrections to the superpotential and hence should be taken into
account when carrying out the analysis in search for phenomenologically relevant models of
particle interactions and cosmology.
A role of the worldvolume flux of D–branes in producing D- and F- terms in effective
D = 4 theory and thus giving the possibility of stabilizing moduli in type IIB String Theory
compactified on Calabi–Yau orientifolds has been discussed e.g. in [34, 35, 36] and references
therein. The analysis of the latter paper has been based on the relation with supersymmetry
conditions for D branes with general worldvolume fluxes on general N = 1 flux backgrounds
studied in detail in [37].
Recently, effects of a worldvolume flux on solutions of the Dirac equation for fermions on
an M5 brane instanton wrapping a Calabi–Yau space have been considered in [38].
It seems of interest to look for more examples of brane configurations generating scalar
field potentials and to analyze whether also the worldvolume fluxes on D branes and the
M5 brane may produce or suppress some non–trivial effects. To this end one should ana-
lyze the brane actions and equations of motion in the presence of worldvolume Born–Infeld
gauge fields. This can also be useful for other brane applications such as brane worlds and
AdS/CFT correspondence. A main goal of this paper is to carry out such an analysis for the
Dp–branes of type IIB string theory, so p = 1, 3, 5, 7 and 9. A reason why we restrict the
consideration to the type IIB D branes is the desire to present the results (at least where it
is possible) in an explicit form. The actions and equations of motion for the type IIA branes
can be analyzed in a similar way elsewhere.
Though the explicit and geometrically suggestive quadratic actions for the type IIB (and
IIA) Dp–brane fermions in an arbitrary bosonic supergravity background with the bulk
and worldvolume fluxes have already been given in [25], one should still extract from these
actions the Dirac equations and present them in a hopefully tractable form. For instance,
though the kappa–symmetry gauge fixed actions for the Dp–branes in the string frame do not
contain terms with dilaton derivatives ([25]), these terms reappear in the fermion equations
of motion, and they should be taken into account in the analysis in the situations of a non–
trivial dilaton–axion. Also the consequences of different gauge fixings of kappa–symmetry
should be understood in more detail. For this we shall elucidate the role of the kappa–
symmetry projector and present the fermionic equations in a gauge independent covariant
form. As a valuable byproduct of this analysis we observe an interesting feature, which for
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some reason has not been emphasized in the literature, that a kind of the Dirac equation
for the Dp–brane kappa–symmetry projector reproduces in a concise form the full set of the
D–brane bosonic field equations (for a concise form of the D = 11 supergravity equations
see [39] and references therein and for a concise form of the (massive) type IIA supergravity
equations see [40]).
Let us stress that when analyzing the fermionic equation in a certain setup, one should
take into consideration the consistency of the setup with the Dp–brane bosonic equations.
For instance, if one ignores the contribution of the worldvolume flux this should be in agree-
ment with the BI equation for the worldvolume gauge field and with the field equation for the
worldvolume scalars. This also concerns static brane configurations which do not fluctuate
in the transverse directions.
We also find it instructive and useful for further applications to collect in one place and
review the complete set of the Dp–brane equations of motion in an arbitrary superspace
supergravity background before truncating them to the linear approximation in fermions.
With this instructive purpose we present the equations both in the Einstein and string frame.
The paper is organized as follows. In Sections 2, 3 and 4 we review the generic structure of
the actions and of the worldvolume field equations for the Dp–branes coupled to the Neveu–
Schwarz and Ramond–Ramond fields in curved type IIB superspace using techniques similar
to those in the superembedding approach (see [52, 53, 54, 55] for a review). This simplifies the
derivation and the analysis of the Dp–brane equations. In Section 4 we study the properties
of the D–brane kappa–symmetry and of its projector and show that the projector matrix
takes values in the group Spin(1, p) ⊂ Spin(1, 9) and that it is related via the spinor–vector
representation correspondence to the SO(1, p)–valued matrix ka
b = (η+F )ac(η−F )−1 cb [41],
the so called Cayley image of the worldvolume gauge field strength Fab . Using this property
we then show that a first–order differential equation for the κ–symmetry projection matrix
amounts to the full set of equations and Bianchi identities for the bosonic worldvolume fields
on the brane. In Subsection 4.2 we linearize the D–brane equations for the fermion field
θ(ξ) in purely bosonic supergravity backgrounds and in Section 6 we present them in a κ–
symmetry covariant form making use of the concise form of the bosonic equations derived
in Section 5 in terms of the kappa–symmetry projector. The covariant (gauge independent)
form of the fermionic equations allows one to see how different kappa–symmetry gauge choices
are related to each other.
In Subsection 6.1 we give the explicit form of the fermionic equations for each of the
type IIB Dp–branes (p = 1, 3, 5, 7, 9) in the supergravity backgrounds which do not induce a
worldvolume flux. In Subsection 6.2.2 we consider a D3 brane instanton wrapping K3 and
carrying an (anti)–self–dual Born–Infeld instanton field. We show that if the compactified
space–time is warped by the R5 flux, the consistency of the equations of motion of the D3
brane instanton wrapping a four–cycle of the Calabi–Yau manifold can require the presence
of the worldvolume flux.
In Subsection 7 we give more examples of situations in which the worldvolume BI field
must be taken into account in the study of the dynamics of D–branes in certain setups.
For instance, a D5 brane wrapping the compact manifold X5 in an AdS5 ×X5 background
(where X5 is an S
5 sphere or a Sasaki–Einstein space) carries an effective electric charge
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proportional to the inverse X5 radius which induces an electric BI field in its worldvolume.
The D5 brane wrapping S5 is associated via AdS/CFT correspondence with the baryon
vertex of the effective D = 4 gauge theory [42, 43] and has been extensively studied from
various perspectives [44]–[49]. We add to the known results the explicit form of the linearized
Dirac equation for the fermionic modes on the baryonic D5 brane.
Other examples of branes with worldvolume fluxes are D5 and D7 branes in warped
compactification backgrounds and, in particular, a D5 brane instanton wrapping a Calabi–
Yau manifold with non–zero 5–form and/or 3–form background fluxes. For all examples we
give an explicit form of the Dirac equation for the Dp–brane fermionic modes.
We have tried to present the examples in a self–contained form so that the reader inter-
ested in applications could directly use them without the necessity of ploughing through the
generic part of this paper. Basic notation and conventions are given in the Appendix.
2 The action for the super-Dp-branes in D = 10 type
IIB superspace
The p+ 1 dimensional worldvolume Wp+1 of a D–brane is parametrized by the coordinates
ξm (m = 0, 1 · · · , p). On its worldvolume the D–brane carries a vector gauge field Am(ξ).
The dynamics of the D–brane is described by how its worldvolume is embedded into D = 10
type IIB superspace whose supercoordinates ZM = (xm, θ1µ, θ2ν) include the space–time
coordinates xm (m = 0, 1, · · · , 9) and the fermionic coordinates θ1µ, θ2ν (µ, ν = 1, · · · , 16)2.
The D–brane interacts with fields of the D = 10 supergravity multiplet. The type IIB
supergravity fields are contained in the dilaton superfield Φ(Z), the Neveu–Schwarz–Neveu–
Schwarz two–form superfield B2(Z), the Ramond–Ramond superforms C2n(Z) (n = 0, 1, 2)
and their duals C2n(Z) (n = 4, 3, 2), and in the supervielbein
EA (Z) = dZM EA = (Ea, E1α, E2β) , (2.1)
where a = 0, 1, · · · , 9 are D = 10 vector tangent space indices and α, β = 1, · · · , 16 are the
Majorana–Weyl spinor indices, E1α and E2β being the two Majorana–Weyl spinors of the
same chirality.
The above listed superfields are subject to a certain set of constraints (which are required
to eliminate redundant and, in particular, higher spin degrees of freedom) [50].
2.1 Type IIB supergravity constraints in the Einstein frame
We shall deal with the following set of the type IIB supergravity constraints in the Einstein
frame. Below and in all places where it will not cause confusion we shall skip the wedge
2We use the conventions of the superembedding approach proposed in [58] such that all underlined bosonic
indices correspond to the target superspace and the not underlined ones from different parts of the Latin
alphabet correspond to both the D–brane worldvolume and to directions orthogonal to it.
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product symbol. The superspace torsion constraint is
T a = DEa = dEa − EbΩba
(2.2)
= −iEα1 Eβ1γaαβ − iEα2 Eβ2γaαβ = −iE1γaE1 − iE2γaE2
(where Ωb
a is the SO(1, 9) spin connection) and the NS–NS field strength constraint has the
form
H3 = dB2 = −ie 12ΦEa (E1 γaE1 −E2 γaE2)−
−1
2
e
1
2
Φ(E1 γ(2)∇1Φ− E2 γ(2)∇2Φ) + 1
3!
Ec3 Ec2 Ec1Hc1c2c3 , (2.3)
where the general structure of the first term is determined by the superstring Wess–Zumino
term in flat superspace, the dilaton contribution e
1
2
Φ can be recovered considering the super-
string in curved type IIB superspace, while the second term can be then derived by studying
Bianchi identities.
In eqs. (2.2) and (2.3) ∇1,2α = EM1,2α∂M , γ(2) = 12 Eb ∧ Ea γa γ˜b and γaαβ and γ˜aαβ are
16× 16 (symmetric) matrix counterparts of the Pauli matrices satisfying the relations
γa γ˜b + γb γ˜a = 2 ηab , γ[a1 γ˜a2 · · ·γa5] = 1
5!
ǫa1···a5 a6···a10 γa6 γ˜a7 · · · γa10 . (2.4)
We use the mostly minus convention for the Minkowski metric ηab = diag (+,− · · · , −),
ǫ0123456789 = 1 and γ0γ˜1 · · · γ˜9 = −γ˜0γ1 · · · γ9 = 1. Note that there is no “charge conjugation”
matrix in D = 10 which would lower or rise 16–component Majorana–Weyl spinor indices
α, β. This is why one should distinguish between γaαβ and γ˜
aαβ .
The constraints on the field strengths of the RR superforms C2n (n = 1, · · · , 5) are (see
[5])
R2n+1 = −2i en−22 ΦE2 γ(2n−1)E1 + n−22 e
n−2
2
Φ
(
E2 γ(2n)∇1Φ− (−)nE1γ(2n)∇2Φ
)
+
(2.5)
+ 1
(2n+1)!
Ea2n+1 · · · Ea1Ra1... a2n+1 ,
where
γ(2n) =
1
2n!
Ea2n · · ·Ea1 γa1γ˜a2 γa3 · · · γ˜a2n ,
(2.6)
γ(2n−1) =
1
(2n− 1)! E
a2n−1 · · ·Ea1 γa1γ˜a2 γa3 · · · γa2n−1 .
Note that RR 10–form C10 does not carry any independent degrees of freedom. Its
11–form field strength is non–trivial only because of the presence of the Grassmann–odd
directions in type IIB D=10 superspace, while the purely bosonic part of its field strength
is identically zero.
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2.2 Type IIB supergravity constraints in the string frame
Let us now present how the type IIB supergravity constraints look like in the string frame.
This frame is related to the Einstein frame by the following (conformal) redefinition of the
supervielbeins and the spin connection
Eastr = e
1
4
ΦEa , EIαstr = e
1
8
Φ (EIα − i
8
Ea γαβa ∇IαΦ) (I = 1, 2)
Ω
a b
str = Ω
a b + 1
2
E[aDb] Φ− 1
4
EIγa b∇IΦ+ i64 ∇IΦ γa b c∇IΦEc ,
(2.7)
1
3!
(
Ec3 Ec2 Ec1 Hc1c2c3
)
str
= 1
3!
Ec3 Ec2 Ec1 Hc1c2c3 − i 3!64 e
Φ
2 (∇1Φ γ(3)∇1Φ−∇2Φ γ(3)∇2Φ) ,
1
(2n+1)!
(
Ea2n+1 · · · Ea1Ra1... a2n+1
)
str
= 1
(2n+1)!
Ea2n+1 · · · Ea1Ra1... a2n+1
−i (n−4) (2n+1)
16
e
(n−2) Φ
2 ∇2Φ γ(2n+1)∇1Φ
With such a redefinition the torsion constraint (2.2) does not change its form, while
the constraints on the NS–NS field strength (2.3) and on the RR field strengths (2.5) take,
respectively, the following form (for simplicity we skip the subscript string in the notation
of the string frame supervielbeins):
H3 = dB2 = −iEa (E1 γaE1 − E2 γaE2) + 1
3!
Ec3 Ec2 Ec1Hc1c2c3 , (2.8)
R2n+1 = −2i e−ΦE2 γ(2n−1)E1 − e−Φ
(
E2 γ(2n)∇1Φ− (−)nE1γ(2n)∇2Φ
)
+
(2.9)
+ 1
(2n+1)!
Ea2n+1 · · · Ea1Ra1... a2n+1 ,
The superspace constraints imply the self–duality of the five–form field strength and the
duality relations between the lower and the higher form field strengths
Ra1···a5 =
1
5!
ǫa1···a5b1···b5R
b1···b5 , (2.10)
Ra1···a9−2n = −(−)
n(n−1)
2 1
(2n+ 1)!
ǫ a1···a9−2nb1···b2n+1R
b1···b2n+1 (n = 0, 1, · · · , 4) . (2.11)
The proper action for the physical fields of type IIB supergravity producing (self)–duality
relations (2.10) and (2.11) as equations of motion was constructed in [51].
2.3 The Dp–brane action
The super–Dp–brane action is constructed using the pullbacks to the brane worldvolume of
the dilaton superfield, the NS–NS two–form, the RR 2n–forms and the supervielbein vector
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components (2.1). We shall denote the pullbacks of forms to the worldvolume by the same
letters as the forms themselves. This should not produce any confusion since in this paper
we mainly deal with the pullbacks.
We shall consider the D–brane action in a form proposed in [9] which is equivalent to the
original action of [3]–[6] but at the same time can be directly uplifted to the superembedding
approach via the generalized action principle and similar techniques [56, 57, 9]. We find
this form of the action more convenient for the derivation and the analysis of the D–brane
equations of motion.
In such a formulation the D–brane Lagrangian density is constructed as a worldvolume
differential (p + 1)–form. In particular, we should determine what is the worldvolume area
density. To this end we have to define a metric or a vielbein in the worldvolume induced
by its embedding into the target superspace. This can be done in the following way. Let us
take the pullback of the vector part of the supervielbein (2.1)
E a (Z(ξ)) = dξm ∂mZ
M E aM . (2.12)
On the (p + 1)–dimensional non–degenerate surface there exist p + 1 linearly independent
vectors. So, using an appropriate SO(1, 9) transformation u a
′
b (ξ) in the ten–dimensional
tangent space with local parameters on the worldvolume we can always transform the vielbein
(2.12) in such a way that (p+ 1) of its components will be parallel to the worldvolume and
(9− p) components will be orthogonal to the worldvolume
Ea (Z(ξ)) ⇒ Eb u a′b (ξ) := (Ea, Ei) a′ = (a, i) , a = 0, 1, · · · , p , i = 1, · · · , 9− p
(2.13)
such that
Ei = Eau ia = 0 . (2.14)
Eq. (2.14) is called the embedding condition (see e.g. [52, 56, 9]). It simply implies that the
pullback onto the worldvolume of a vector orthogonal to it is zero.
In eqs. (2.13) and (2.14) the ten–dimensional vector index a is split into the (p + 1)–
dimensional worldvolume tangent space index a and the index i labeling the 9−p directions
orthogonal to the brane. This splitting reflects the fact that the presence of the brane
spontaneously breaks the target space SO(1, 9) Lorentz symmetry down to its subgroup
SO(1, p)× SO(9− p). The components of the local Lorentz matrix
u a
′
b (ξ) = (u
a
b (ξ) , u
i
b (ξ)) , (2.15)
satisfying the orthogonality conditions
uc au bc = η
ab = diag(+1,−1, · · · ,−1︸ ︷︷ ︸
p
) , uaau ia = −0 , ua iu ja = −δij ,
(2.16)
u aa u
b
b ηab − u iau jb δij = ηab ,
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play the role of the Goldstone fields associated with this symmetry breaking. They parame-
terize the coset space SO(1,9)
SO(1,p)×SO(9−p) and are called Lorentz harmonics. u
a
b (ξ) and u
i
b (ξ) will
be auxiliary fields of our construction (see [59, 60] for more details about Lorentz harmon-
ics techniques). The variation of u ab (ξ) in the D–brane action will produce the embedding
condition (2.14).
Using the splitting (2.13) of the supervielbein components, we can associate the pullback
Ea(Z(ξ)) with the induced vielbein of the worldvolume. Such a choice is in accordance with
the conventional definition of the induced metric on the brane worldvolume
gmn = ∂m Z
M E aM ∂n Z
N E bN ηab (m,n = 0, 1, · · ·p) . (2.17)
It is easy to see, using the embedding equations (2.12)–(2.16), that the metric (2.17) is
expressed as the product of the components of the induced worldvolume vielbein Ea
gmn = E
a
m E
b
n ηab , E
a = dξmE am = ∂m Z
M E bM u
a
b . (2.18)
In terms of the vielbein Ea and the metric (2.17), (2.18) the worldvolume area density is
[59, 60, 52, 56, 55]
1
(p+ 1)!
ǫa1···ap+1 E
a1 · · ·Eap+1 = dp+1 ξ
√
|det gmn| . (2.19)
Let us now show following [59, 52] that when the embedding condition (2.14) is satisfied
the Lorentz harmonics can be expressed in terms of components of the pullback of Ea and
hence are indeed auxiliary fields. As in the case of the frame formulation of gravity, using
local SO(1, p) transformations in the worldvolume tangent space (acting on the indices a, b)
and the definition (2.17), (2.18) of the induced metric we can reduce E am ηab to a symmetric
matrix. The components of this matrix are completely determined by the components of the
induced metric (2.17) and hence do not depend on the Lorentz harmonics. Now notice that
from eq. (2.14) it follows that
Ea = dξm ∂m Z
M E aM = dξ
mE am u
a
a ⇒ u aa = E ma ∂m ZM E aM , (2.20)
where u aa = η
ab u bb ηab and E
m
a is inverse of the induced worldvolume vielbein E
a
m associated
with the induced metric gmn in (2.18).
Therefore, the components of u ab are expressed solely through components of the super-
vielbein pullback E am = ∂m Z
M E aM . For instance, in the case of the bosonic brane in a flat
background one finds that u aa reduces to u
a
a = E
m
a ∂m x
a.
Finally, from the orthogonality conditions (2.16) it follows that, up to local SO(9 − p)
rotations in the directions orthogonal to the brane, the components of u ib are determined by
the components of u ab . This completes the proof that the Lorentz harmonics are auxiliary
variables. Their use in the D–brane action simplifies the derivation and the analysis of its
equations of motion.
Using the induced worldvolume vielbein Ea = Ea u aa and the pullbacks of the type IIB
supergravity fields in the Einstein frame we construct the Dp–brane action in the following
9
form [9]
SDp =
∫
Wp+1
L =
∫
Wp+1
(LDBIp+1 + LLMp+1 + LWZp+1) =
(2.21)
=
∫
Wp+1
e
p−3
4
Φ
(p+ 1)!
ǫa1···ap+1 E
a1 · · ·Eap+1
√
|det (ηab + Fab)|+Qp−1(e− 12ΦF2 − F2) + eF2 ∧ C|p+1 ,
where in LWZp+1 = eF2∧C|p+1, which is the conventional Wess–Zumino (WZ) term [3], [61, 62],
|p+1 means that we pick only the terms which are the (p+1)–forms in the external product
of the formal sums of the forms of different order
eF2 = 1 + F2 + 1
2
F2F2 + 1
3!
F2F2F2 + 1
4!
F2F2F2F2 + 1
5!
F2F2F2F2F2 =
5∑
k=0
1
n!
(F2)n ,
C = C0 + C2 + C4 + C6 + C8 + C10 =
5∑
n=0
C2n. (2.22)
The structure of the Wess–Zumino term tells us, in particular, that the Dp–brane minimally
couples to the RR field potential Cp+1 and also couples to lower order RR forms. Remember
also that the bosonic parts of the RR field strengths R2k+1 and R9−2k (k = 0, 1) are dual to
each other and R5 is self–dual (2.11)
3.
The first term in (2.21) is the Dirac–Born–Infeld–like part of the D–brane action, where
Fab(ξ) is an auxiliary antisymmetric tensor field taking values in the worldvolume tangent
space. This field is related to the extended field strength of the Born–Infeld (BI) gauge field
A = dξmAm(ξ)
F2 = dA−B2 (2.23)
via the second term of the action (2.21)
LLMp+1 = Qp−1
(
e−
1
2
ΦF2 − F2
)
= Qp−1
(
e−
1
2
Φ(dA− B2)− 1
2
EaEbFba
)
, (2.24)
where Qp−1(ξ) is a (p− 1)–form Lagrange multiplier.
Indeed, varying (2.24) with respect to Qp−1(ξ) we get the algebraic relation
δLLMp+1
δQp−1
= 0 ⇒ F2 = e− 12ΦF2 i.e. 1
2
EaEbFba = e
− 1
2
Φ(dA−B2) . (2.25)
Then substituting eq. (2.25) into the first term of (2.21) and using the definition of the
induced metric (2.17), (2.18) one can reduce the frame–like Dp–brane action to the conven-
tional form [3]–[6] consisting of the Dirac–Born–Infeld action and the WZ term
S =
∫
dp+1ξ e
p−3
4
Φ
√
|gmn + e− 12ΦFmn|+
∫
eF2 ∧ C|p+1 , (2.26)
3Actually, the form of the action (2.21) is generic and also describes the Dp–branes in type IIA super-
gravity. In that case one should consider the Dp–branes with even values of p coupled to (2k+ 1)–form RR
fields.
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or in the string frame (2.7)
Sstr =
∫
dp+1ξ e−Φ
√
|gmn + Fmn|+
∫
eF2 ∧ C|p+1 . (2.27)
Note that in the string frame relation (2.25) takes the form
F2 = F2 (= dA− B2 ). (2.28)
A reason why we introduced the auxiliary field Fab(ξ) is that it is in some sense frame
independent, that simplifies a bit the derivation of the field equations and their analysis.
By construction, the action (2.21) is invariant under target space superdiffeomorphisms
and the local SO(1, 9) symmetry acting on the background superfields, under the worldvol-
ume diffeomorphisms and under local worldvolume SO(1, p− 1) transformations acting on
the fields carrying worldvolume tangent space indices a, b, · · ·, such as Ea and Fab. It is also
invariant under local worldvolume fermionic κ–symmetry whose form and properties will be
discussed in detail in Section 4.
Having constructed the D–brane action and described its properties we now turn to the
derivation and the consideration of the D–brane equations of motion in an arbitrary type
IIB supergravity background.
3 Bosonic equations
3.1 Equations for the auxiliary fields and the embedding condition
As we have already discussed, the variation of the action (2.21) with respect to the Lagrange
multiplier Qp−1 expresses the auxiliary field Fab in terms of the BI field strength (2.25)
F2 = e
− 1
2
ΦF2 = e− 12Φ(dA−B2) . (3.1)
The variation with respect to Fab gives the expression for the Lagrange multiplier in
terms of other fields
Qp−1 =
e
p−3
4
Φ
2 · (p− 1)! ǫab c1··· cp−1E
c1 · · ·Ecp−1 (η + F )−1ab
√
|η + F | , (3.2)
where (η+F )−1 ab is the inverse matrix of ηab+Fab and |η+F | = |det (ηab+Fab)|. To arrive
at eq. (3.2) we used the identity
ǫab c1··· cp−1E
c1 · · ·Ecp−1 EcEd = 2
p (p+ 1)
ǫa1···ap+1 E
a1 · · ·Eap+1 δ[acδb]d .
To perform the variation of the action (2.21) with respect to the auxiliary Lorentz harmonic
variables u ab contained in E
a = Eb u ab one should take into account that they are constrained
to be SO(1, 9) matrices (2.16). As discussed in detail e.g. in [59, 60, 52, 9] the independent
11
variations of u ab subject to the orthogonality conditions (2.16) are those projected along
the directions orthogonal to the worldvolume, i.e. u ib
δ
δuba
. With this in mind one gets the
following equations of motion of u ab (ξ)
u ib
δS
δuba
= 0 =⇒ Ei ∧
(
e
p−3
4
Φ
p!
ǫa b1··· bpE
b1 · · ·Ebp
√
|η + F |+Qp−1FabEb
)
= 0 , (3.3)
where Qp−1 is defined in (3.2). Substituting (3.2) into (3.3), and defining the worldvolume
form Ei as Ei = EaE ia we get
E ib (δ − FF )−1 ba
√
|η + F | (detE am) dp+1ξ = 0 . (3.4)
Assuming that the brane worldvolume metric is non degenerate, i.e. that detE am is non–
zero, and that the matrix (δ − FF )−1 ba
√|η + F | is also non–degenerate 4 we find that eq.
(3.3) reduces to the embedding condition (2.14)
E ia = 0 ⇒ Ei = Ea u ia = 0 . (3.5)
Thus, the embedding condition (2.14) naturally arises in our formulation as the equation
of motion (3.5) of the Lorentz–harmonic variables and ensures that the latter are purely
auxiliary fields, as demonstrated in the previous Section. The use of eq. (3.5) simplifies
the derivation of the equations of motion of the worldvolume fields ZM(ξ) which we shall
consider in Subsection 3.3.
3.2 Equations of motion of the worldvolume BI gauge field
The variation of the Lagrangian (2.21) with respect to the BI field A = dξmAm(ξ) is
δ
A
Lp+1 =
[
d
(
e−
1
2
ΦQp−1
)
+ R e(dA−B2)
∣∣
p
]
δA+ d
[
e−
1
2
ΦQp−1 δA+ C e(dA−B2)
∣∣
p−1 δA
]
,(3.6)
where
R :=
4∑
k=0
R2k+1 = dC− CH3 ≡ eB2d (C e−B2) , (3.7)
the form C was defined in (2.22) and |k means that only the k–form terms are retained in
the product of formal sums of the pullbacks of the differential forms.
Then, neglecting in (3.6) the second, total derivative term (i.e. possible boundary con-
tributions) and using eqs. (3.1) and (3.2) one arrives at the BI field equation in an arbitrary
type IIB supergravity background in the Einstein frame
d
(
1
(p− 1)! ǫab c1··· cp−1E
c1 · · ·Ecp−1 (η + e− 12ΦF)−1ab
√
|η + e− 12ΦF| e p−54 Φ
)
= −2 R eF2∣∣
p
(3.8)
4The singularity of (δ − FF )−1 ba
√
|η + F | ∼ (1 − (F0m)2) occurs at the critical value (F0m)2 = 1 of the
electric field F0m.
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the right hand side of which can further be specified using the definition of R (3.7) and the
superspace constraints (2.5).
In terms of the induced metric (2.18), the equation (3.8) takes the form
1
p!
ǫm1···mpl dξ
m1 · · · dξmp ∂m
(
(g + e−
1
2
ΦF)−1 [ml]
√
|gns + e− 12ΦFns| e
p−5
4
Φ
)
= R eF2
∣∣
p
(3.9)
or, equivalently,
∂m
(
(g + e−
1
2
ΦF)−1 [ml]
√
|g + e− 12ΦF| e p−54 Φ
)
=
(3.10)
(−)
p−1
2
p−1
2∑
n=0
1
2n n! (p− 2n)! ǫ
lm1···mp−2nr1s1···rnsn Rm1...mp−2n Fr1s1 · · ·Frnsn ,
where Rm1...mn = E
An
m1
· · ·E A1mn RA1...An are the worldvolume pullbacks of the RR field strengths
(2.5). Note that eqs. (3.9) and (3.10) do not contain the Lorentz harmonic variables.
In the string frame the equation (3.10) simplifies a bit
∂m
(
(g + F)−1 [ml]
√
|g + F| e−Φ
)
=
(3.11)
(−)
p−1
2
p−1
2∑
n=0
1
2n n! (p− 2n)! ǫ
lm1···mp−2nr1s1···rnsn Rm1...mp−2n Fr1s1 · · ·Frnsn ,
The equations (3.8) - (3.11), which are the differential equations for the BI field strength
F2, should be accompanied by the Bianchi identities which follow from the definition (2.23)
of F2
dF2 = −H3|p+1 . (3.12)
From the form of (3.12) we conclude that the worldvolume flux F2 cannot be zero unless
the pullback of the NS–NS flux Hm1m2m3 is zero, while eqs. (3.8), (3.9) and (3.10) imply that
F2 also cannot be zero if the pullback of the RR flux Rm1···mp is non–zero. This should be
taken into account in the analysis of branes in the supergravity backgrounds with fluxes and,
in particular, of brane instantons wrapping compactified submanifolds. Several examples will
be considered in Subsection 7.
3.3 Equations of motion of the coordinate fields Z(ξ) = (x(ξ), θ(ξ)).
Equation for the bosonic fields x(ξ)
It is convenient to consider the variation of the D–brane action (2.21) with respect to the
worldvolume fields ZM(ξ) = (xm(ξ), θ1µ(ξ), θ2ν(ξ)) and the corresponding field equations by
projecting them to the tangent space of the embedding superspace, i.e.
δ ZM
δLp+1
δ ZM
= δ ZM E AM E
N
A
δLp+1
δ ZN
= (δ ZM E AM)
δLp+1
δ ZN E AN
. (3.13)
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The bosonic field equations are then identified with
δaLp+1 = δ Lp+1
δ ZN E aN
= 0 (3.14)
and the fermionic field equations are
δαˆ Lp+1 = δLp+1
δ ZN E αˆN
= 0 , (3.15)
where instead of two 16–component spinor indices 1α and 2α we have introduced a single
32–component index αˆ, so that Eαˆ = (E1α, E2α). To get the explicit form of the ZM field
equations it is useful to recall that the variation of a generic n–super form Gn(Z) produced
by a variation ZM is
δ Gn := d (iδGn) + iδ dGn
(3.16)
= 1
(n−1)! d(dZ
Mn · · · dZM2 δZM1 GM1···Mn) + 1n! dZMn+1 · · · dZM2 δZM1 ∂[M1GM2···Mn+1} .
However, the D–brane Lagrangian (2.21) is a (p + 1)–form which depends not only on
ZM(ξ) and their differentials but also on the purely worldvolume fields u ab (ξ), Fab(ξ), Qp−1(ξ)
and dA(ξ) 5. So to apply eq. (3.16) to the calculation of the ZM–variation of the Lagrangian
(3.13) one takes into account that the formal external differential dGn on an auxiliary (p+2)–
dimensional surface also contains terms of the form
dZMn+1 dZMn · · · dZM1dw(ξ) ∂ GM1···MnMn+1
∂w(ξ)
,
where w(ξ) stands for the worldvolume fields which are treated as independent coordinates.
Thus, up to boundary terms and taking into account eqs. (3.1)–(3.5), the field equations
(3.14) and (3.15) can be given in the following generic form
δa Lp+1 = 1
(p+ 1)!
Ebp+1 · · ·Eb1 (dLp+1)a b1···bp+1 +
1
p!
Eαˆ Ebp · · ·Eb1 (dLp+1)a αˆ b1···bp
(3.17)
+
1
2(p− 1)! E
βˆ Eαˆ Ebp−1 · · ·Eb1 (dLp+1)a αˆ βˆ b1···bp−1 = 0 , (b = 0, 1, · · · , p)
δαˆ Lp+1 = 1
(p + 1)!
Ebp+1 · · ·Eb1 (dLp+1)αˆ b1···bp+1 +
1
p!
Eβˆ Ebp · · ·Eb1 (dLp+1)αˆ βˆ b1···bp = 0 ,
(3.18)
where Eb = Ec uc
b. Note that the fermionic equation (3.18) is linear in the fermionic super-
vielbein Eαˆ = (E1α, E2β) and the bosonic equation (3.17) is only a second order polynomial
5The Born–Infeld field may become a target space field if one uses enlarged superspaces [62].
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in Eαˆ. This is due to the structure of the D–brane action (2.21) and the form of the super-
gravity constraints (2.2), (2.3) and (2.5).
Now let us remember that, since the theory is invariant under the local worldvolume
diffeomorphisms (in particular, δdiff Z
M = δξm ∂mZ
M), among xm(ξ) there are only 9 − p
independent bosonic degrees of freedom corresponding to the normal fluctuations of the brane
in target space. Therefore, among ten eqs. (3.14), (3.17) there are only 9 − p independent
bosonic field equations. To identify them in a Lorentz covariant way it is again convenient
to use the Lorentz harmonics ua′
b(ξ) = (ua
b, ui
a) (2.15), (2.16).
One can notice that if (3.17) is multiplied by ua
a, the first term vanishes since the
indices a and b take p + 1 values while (dL)ab1···bp+1 is an antisymmetric tensor of rank
p+ 2. At the same time the projection of the second and the third term of (3.17) along ua
a
are proportional to the Born–Infeld (3.10) and fermionic equation (3.18). This reflects the
worldvolume diffeomorphism invariance of the D–brane theory.
Thus, the 9 − p independent bosonic equations are those obtained from eq. (3.17) mul-
tiplying it by ui
a (i = 1, · · · , 9− p), i.e. projecting (3.17) along the directions orthogonal to
the brane worldvolume
ui
a
[ 1
(p + 1)!
Ebp+1 · · ·Eb1 (dLp+1)a b1···bp+1 +
1
p!
EαˆEbp · · ·Eb1 (dLp+1)a αˆ b1···bp
(3.19)
− 1
2 (p− 1)! E
βˆ EαˆEbp−1 · · ·Eb1 (dLp+1)a αˆ βˆ b1···bp−1
]
= 0 .
In the Einstein frame, in the conventional (induced metric) form, the D–brane bosonic
equation in an arbitrary type IIB supergravity background look as follows
Dm
(
e
p−3
4
ΦEna (g + F )
−1(mn)√|g + F |)− 1
2
e
p−5
4
ΦHamn (g + F )
−1mn√|g + F | −
(3.20)
−e p−34 ΦEMa ∂M Φ
(p− 3
4
− 1
4
Fnm (g + F )
−1mn
)√
|g + F |
=
(−) p+12
(p+ 1)!
ǫm1···mp+1 (R eF2)am1···mp+1 ,
where dξmDm is the pullback of the target superspace covariant derivative DM = ∂M −ΩM ,
Hamn = E
B
m E
A
n HaAB is the pullback of the NS–NS superform (2.3) and F2 = e
− 1
2
ΦF2.
In the string frame, in which the supervielbein is Eastr = e
1
4
ΦEa and F2 = F2 =
dA − B2, the bosonic equation has even a bit more compact form (in which we again skip
the subscript string)
Dm
(
e−ΦEna (g + F)−1(mn)
√|g + F|)− 1
2
e−ΦHamn (g + F)−1mn
√|g + F|
(3.21)
+e−ΦEMa ∂M Φ
√|g + F| = − (−)p+12
(p+1)!
ǫm1···mp+1 (R eF2)am1···mp+1 ,
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where
(R eF2)am1···mp+1 =
∑ p+1
2
n=0
(p+1)!
2n·n! (p+1−2n)! Ra [m1···mp+1−2n F·· · · · Fapap+1] (3.22)
One should keep in mind that in eq. (3.21) the superforms H3 and R are subject to
supergravity constraints in the string frame (2.8) and (2.9), which are different from the
Einstein frame constraints (2.3) and (2.5) used to derive (3.20).
The linearly independent part of (3.21) (or equivalently of (3.20)) is singled out with the
help of ui
a as in eq. (3.19), while the projection of eq. (3.21) along u aa is zero modulo the BI
field equations (3.11), the Bianchi identities (3.12) and the fermionic equations considered
in Section 4.
3.4 The bosonic equations and the second fundamental form of
the embedding
For further analysis to be carried out in Sections 5-7 we would like to present the bosonic
equation (3.21) in a different but equivalent form. This subsection is complimentary, so the
reader who is not interested in the details about the relation of the brane equations to the
geometric properties of the embedding such as the second fundamental form (or the extrinsic
curvature) can jump over to Section 4 and return here lateron.
Let us first rewrite the string frame equation (3.21) in the worldvolume tangent frame
and single out its independent components by projecting it along u ai
1√
|η+F| Da
(
e−ΦE ab (η + F)−1(ab)
√|η + F|)uai =
(3.23)
1
2
e−Φ u ai Ha ab (η + F)−1ab − e−Φ u ai EMa ∂M Φ − (−)
p+1
2
(p+1)!
√
|η+F| ǫ
a1···ap+1 (R eF2)a a1···ap+1 u
a
i .
We now notice that because of the embedding condition E ab ua i = 0, E
a
b = u
a
b (see Subsec-
tion 3.1) the left hand side of (3.23) reduces to
1√|η + F| Da
(
e−ΦE ab (η + F)−1(ab)
√
|η + F|
)
u ia = (DaE
a
b ) u
i
a (η + F)−1(ab) e−Φ . (3.24)
In the right hand side of (3.24) one can recognize the second fundamental form
K ib = E
aK iab = −DE ab u ia = −Du ab u ia = −d u ab u ia + u bb Ωba u ia (3.25)
characterizing the embedding of the (p+1)–dimensional worldvolume into a curved target
type IIB D=10 superspace (see [52, 53, 54, 55] for a review of geometrical grounds of the
embedding and superembedding).
Note that in the static gauge, in which p + 1 components of the 10D target space–time
coordinates xm = (xm, xi˜) are identified with the worldvolume coordinates xm = ξm and the
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physical modes are associated with xi˜(ξm) (˜i = 1, · · · , 9 − p), the second fundamental form
looks as follows
K iab = −EamEbn(∂m ∂n xi˜ Ei˜i + ΓmnlEli + ∂m xi˜ Γni˜ lEli) + fermion contributions, (3.26)
where Γmn
l and Γni˜
l are components of the target space Christoffel symbol
Γmn
l = D(mEn)
aEa
l (l, m, n = 0, 1, · · · , 9 ; m = 0, 1, · · ·p ; i = 1, · · · , 9− p).
We see that if in a pure bosonic background the brane does not fluctuate in the transverse
directions, i.e. ∂m x
i˜ = 0, its second fundamental form is non–zero if the pullback of the
target–space Christoffel symbol components with one index corresponding to orthogonal
directions is non–zero. This occurs, e.g. in warped compactifications considered in Section
7.
In terms of the second fundamental form the Dp–brane bosonic equation takes the fol-
lowing form in the string frame
K iba (η + F)−1(ab) = −12 H iab (η + F)−1ab +DiΦ+ (−)
p+1
2 eΦ
(p+1)!
√
|η+F| ǫ
a1···ap+1 (R eF2)ia1···ap+1 (3.27)
where (as defined in Subsection 2.3) the index i in the right hand side denotes the component
of the pullback of a superform in the directions orthogonal to the brane, e.g. Hi ab =
u ai E
M
a HM ab, etc.
From the geometrical point of view the Dp–brane bosonic equation (3.27) is an embedding
condition which tells us that its “trace”K iba (η+F )
−1(ba) is expressed in terms of the pullbacks
of background fields. In particular, when the worldvolume gauge field, the axion–dilaton,
the background gauge fields and all the fermionic fields are zero on the worldvolume the
trace of the second fundamental form (which is also called the extrinsic curvature) is zero,
K iba η
ba = 0 , (3.28)
implying that the embedding of the surface in superspace is minimal in the sense of its
induced area. The presence of other fields on the worldvolume and in the background
modifies the minimal embedding condition (3.28) in accordance with eq. (3.27).
Let us now reveal another property of the second fundamental form (3.25) which follows
from the embedding condition (2.14)
Ei = 0 ⇒ 0 = dEi = (DE a) u ia + E aDu ia = T a u ia −E aK ia . (3.29)
In view of the torsion constraint (2.2), from the form of eq. (3.29) we conclude that the
antisymmetric part of the second fundamental form can only be non–zero due to the presence
of the worldvolume and/or background fermionic fields
K i[ab] = −iE1a γiE1b − iE2a γiE2b . (3.30)
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4 Fermionic equation, its concise form and κ–symmetry
Let us now present the explicit form of the equation of motion (3.18) for the worldvolume
fermions θ(ξ). After some algebra and taking into account the bosonic equations one finds
[9] the following variation of the D–brane Lagrangian with respect to iδ E
αˆ = δ ZN E αˆN in
the Einstein frame
e−
p−3
4 Φ√
|η+F | δαˆ Lp+1 =
1
(p+1)!
ǫb1··· bp+1E
b1 · · ·Ebp+1 iδEαˆ(I − Γ¯)αˆβˆ∇βˆΦ
(4.1)
i(−)p 1
p!
ǫa b1··· bpE
b1 · · ·Ebp iδE
(
I − Γ¯) (γb ⊗ (η − σ3 F )−1 ba) (E − i8 Γ˜(1)∇Φ) .
where Γ¯ is the κ–symmetry projector (Γ¯2 = 1) whose properties will be discussed a bit later,
Eαˆ = EαI = (Eα1, Eα2) , ∇βˆΦ :=
(∇β1Φ
∇β2Φ
)
, (4.2)
Γ˜(1) := Ea Γ˜a =
(
Eaγ˜αβa 0
0 Eaγ˜αβa
)
, (4.3)
(
γa ⊗ (η − σ3 F )−1 ab
)
=
(
γa (η − F )−1ab 0
0 γa (η + F )
−1 ab
)
, γa = γ
bub a = E
m
a E
b
m γb, (4.4)
the Pauli matrix σ3 acts on the indices I = 1, 2 of the spinor E
αˆ = EIα and Ema (ξ) is the
inverse induced worldvolume vielbein introduced in (2.18)–(2.20).
From the variation (4.1) we find the concise form of the fermionic equations for the
Dp–branes in an arbitrary type IIB supergravity background in the Einstein frame [9] 6
(
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba)(Ea − i
8
Γ˜a∇Φ
)
+
i
2
∇Φ
]
= 0 , , (4.5)
where the calligraphic Ea denotes the pullback
E αˆa = Ema (ξ) ∂mZM E αˆM (4.6)
of the spinorial supervielbein to avoid the confusion with the induced worldvolume vielbein
Ea = dZM E bM u
a
b = dξ
mE am. Note that in the form (4.5) the D–brane fermionic equation
does not contain the Lorentz harmonics. Their role is taken up by the induced worldvolume
vielbein E am and its inverse.
6In [9] the fermionic equation was given in the differential form
1
p!
ǫba1···ap E
a1 · · ·Eap (I − Γ¯) (γb ⊗ (η − σ3 F )−1 ba)(E − i
8
Γ˜(1)∇Φ
)
+
i
2 · (p+ 1)! ǫa0a1···ap E
a0 · · ·Eap (I − Γ¯) ∇Φ = 0 .
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In the string frame the fermionic equation simplifies to(
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba) Ea + i
2
∇Φ
]
= 0 , (4.7)
where γb ⊗ (η − σ3 F )−1 ba is defined in (4.4) and F2 = dA−B2.
4.1 The κ–symmetry projector and the worldvolume Lorentz group
The appearance of the projector 1
2
(I − Γ¯) in the fermionic variation (4.1) of the Dp–brane
action implies the well known fact that the actions of the superbranes possess worldvol-
ume fermionic κ–symmetry. This means that the superbrane action is invariant under the
following variation of the worldvolume scalars ZM(ξ)
δκZ
M E αˆM = κ
βˆ(ξ)(I + Γ¯) αˆ
βˆ
, δκZ
M E aM = 0 (4.8)
accompanied by an appropriate variation of the BI field Am(ξ) and of the auxiliary fields
u ab (ξ) and Fab(ξ) which we shall not present here. Note only that Am(ξ) transforms in such
a way (δκA = iδκ B2) that the κ–transformation of its extended field strength F2 = dA−B2
is δκF2 = −iδκH3. If one substitutes the variation (4.8) into eq. (4.1) one finds that it
vanishes identically since (I − Γ¯) (I + Γ¯) = 0, thus indicating the presence of a symmetry.
In the case under consideration the κ–symmetry projector Γ¯ is a block–anti-diagonal
32× 32 matrix (see [6, 63] and also [64])
Γ¯βˆ
αˆ =
(
0 hβ
α
(h−1)βα 0
)
. (4.9)
It can be written in the following differential form (see [4, 5] and more recent [25])
1
(p+1)!
ǫa1···ap+1 E
a1 · · ·Eap+1 Γ¯ = 1√|η+F |
p+1
2∑
n=0
(
0 (−)n γ(2n)βα
γ(2n)β
α 0
)
∧ F
p+1
2 −n
2
( p+12 −n)!
(4.10)
where the matrix differential forms γ(2n) have been defined in (2.6).
Eq. (4.10) implies that the matrix hα
β in (4.9) is defined by the following relation
1
(p+1)!
ǫa1···ap+1 E
a1 · · ·Eap+1 hβα = 1√|η+F |
p+1
2∑
n=0
(−)n γ(2n)βα ∧ F
p+1
2 −n
2
(p+12 −n)!
(4.11)
and its inverse is
1
(p+1)!
ǫa1···ap+1 E
a1 · · ·Eap+1 (h−1)βα = − 1√|η+F |
p+1
2∑
n=0
γ(2n)β
α ∧ F
p+1
2 −n
2
( p+12 −n)!
. (4.12)
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The form of the matrix hβ
α drastically simplifies when the worldvolume field strength F2
vanishes. Then, it reduces to the antisymmetrized product of the (p+1) gamma–matrices
along the brane worldvolume,
hβ
α
∣∣∣
F2=0
= − 1
(p+ 1)!
ǫa0 ··· ap (γ
a0 γ˜a1γa2 · · · γ˜ap)βα =: γ¯T −1βα , γ¯−1 = (−)
p−1
2 γ¯ ,
(4.13)
γ¯ =
1
(p+ 1)!
ǫa0 ··· ap (γ˜
a0 · · · γap) .
One can also check, using the properties (2.16) of the Lorentz harmonics, that the following
relations hold
γ¯T γa = (−) p−12 γa γ¯ = (−)
p−1
2
p!
ǫab1··· bp γb1 · · · γbp , (4.14)
γ¯T γi = (−) p+12 γi γ¯ , where γi = γa uia , γa = γa uaa , (4.15)
and hence
γ¯T γa γ¯ = γa , γ¯T γi γ¯ = −γi (a = 0, · · · , p , i = 1, · · · , D − p− 1 ). (4.16)
In the general case, in which the worldvolume field strength F2 is non–zero, the relations
(4.16) get modified and take the following form
h γa hT = γb k ab = γ
b (η + F )bc(η − F )−1 ca , h γi hT = −γi , (4.17)
where the matrix k ab = (η + F )bc(η − F )−1 ca is orthogonal
k ab = (η + F )bc(η − F )−1 ca ⇒ k ab k cd ηac = ηbd, det k = 1 . (4.18)
(note that det (η + F )bc=det (η − F )bc).
Therefore, k ab belongs to the worldvolume Lorentz group SO(1, p) ⊂ SO(1, 9) and is
called the Cayley image of the antisymmetric tensor Fab. Because of the relations (4.17)
and of the fact that k ab ∈ SO(1, p) we observe an interesting property of the Dp–brane
κ–symmetry projector: hαβ belongs to a 16 × 16 real matrix representation of the group
Spin(1, p) ⊂ Spin(1, 9) 7. The relations (4.17) and (4.18) are very useful for the analysis of
the fermionic equations (4.5), (4.7). Note that the form of the κ–symmetry projector and
all the above relations are the same in the Einstein and the string frame.
If we substitute the form (4.9) of the κ–symmetry projector into the fermionic equation
(e.g. in the string frame (4.7)) we find the following linearly independent 16–component
equation
(η + F )−1 ba γb (E2a − E1a h) +
i
2
(∇2 − h−1∇1 )Φ = 0 . (4.19)
7The κ–symmetry projector and the BI field strength of the type IIA D–branes have the same group–
theoretical meaning.
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Notice that the fermionic supervielbeins E1α, E2α (remember the notation (4.6)) and their
inverse (encoded in ∇αI) enter the equation (4.19) only through the single 16–component
combination E2 − E1 h, which manifests the fact that due to κ–symmetry only half of the
fermionic degrees of freedom of the superbrane are dynamical. Note that so far we have not
imposed any κ–symmetry gauge. Therefore, in the above form the equation for the physical
fermionic modes on the superbrane is gauge independent up to the bosonic equations, as will
be explained in the next Subsection and Section 5.
4.2 The linearized Dp–brane fermionic equation
Let us now consider the fermionic equation of motion of the Dp–branes in the linear approxi-
mation in θ(ξ). This will allow us to obtain an explicit coupling of the worldvolume fermions
to the background and worldvolume fluxes, which may be useful for various applications
including brane instanton calculations.
To obtain the linearized fermionic equation we use the following trick [28]. It is based on
the fact that the Dp–brane action and equations of motion are invariant under the target
space superdiffeomorphisms ZM → fM(Z) and that θµ(ξ) are the Goldstone fermions on the
brane associated with the spontaneous breaking of half of the target space supersymmetry.
Using the background diffeomorphisms, we can choose a supercoordinate system in which the
brane does not fluctuate along the Grassmann–odd directions in superspace, i.e. θµ(ξ) = 0
(see [10] for a discussion of dynamical supergravity–superbrane systems with the target space
superdiffeomorphisms being a gauge symmetry). Then the fermionic equation, e.g. in the
string frame (4.7), reduces to the algebraic relations on the components of the pullbacks
of the gravitino and the dilatino fields ψ αˆm(x) = E
αˆ
m|θ=0 and λαˆ(x) = − i2 ∇αˆΦ|θ=0:(
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba) ∂a xm ψm − λ] = 0 , (4.20)
where the values of the κ–symmetry projector Γ¯ and of the pullback of the bosonic vielbein
E am are taken at θ = 0. I.e. in (4.20) E
a
m = ∂m x
nE an (x) is just the pullback of the D = 10
gravitational field.
Let us now recall that θ(ξ) are Goldstone fermions for the broken target space supersym-
metry. Therefore their presence in the fermionic equation at linear order can be restored by
performing in (4.20) an infinitesimal local supersymmetry transformation of the pullbacks
of the type IIB supergravity fields E an (x), ψ
αˆ
m(x) and λαˆ(x) whose supersymmetry parame-
ter , ǫαˆ(x(ξ)), we identify (in the Wess–Zumino gauge) with θαˆ(ξ) = θµ(ξ)E αˆµ (x, θ) so that
d ǫαˆ(x(ξ)) = d θαˆ(ξ). We thus get(
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba) ∂a xm ψm − λ]+
(4.21)
+δ
[
(I − Γ¯) (γb ⊗ (η − σ3 F )−1 baE ma
]
ψm + δΓ¯λ +
+
(
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba) E ma δ ψm − δλ] = 0 ,
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where the second and the third term contains the supersymmetry variation of the pullback
of the gravitational field E an (x) entering Γ¯, γb and F2 = 12 EbEa Fab = dA−B2.
Ignoring the three–fermion contributions, the pullbacks δ ψαˆm = δ ψ
Iα
m and δλαˆ = δλIα of
the local supersymmetry variations of the type IIB gravitino and dilatino have the following
form in the string frame
δψm = Dm θ +
1
4 · 2! Hmab γ˜
abσ3 θ +
(4.22)
+
1
8
eΦ[Raγ˜
a (iσ2)− 1
3!
Rabcγ˜
abc σ1 +
1
2 · 5!Rabcde γ˜
abcde(iσ2)] γm θ ,
δλ =
1
2
[DaΦ + e
ΦRa (iσ2) ] γ
aθ − 1
4!
[Habc − eΦRabc (iσ2) ] γabc σ3 θ , (4.23)
where γm = E
a
m γa, all γ˜
abc··· start with γ˜a αβ, Dm = ∂m − 14∂m xn Ωnabγab is the covariant
derivative with the spin connection pulled back onto the worldvolume and the Pauli matrices
act on the index I = 1, 2 of the spinor θαI = (θα1, θα2) 8.
The type IIB supersymmetry variation of the graviton field E am(x) is
δ E am(x) = −2iψm γa θ. (4.24)
Substituting eqs. (4.22)–(4.24) and using the definition of Γ¯ one can find the linear fermion
equations for any Dp–brane in an arbitrary type IIB supergravity background with non–zero
graviton, gravitino and dilatino. An explicit form of such an equation for the M2–brane has
been obtained in [28].
If we are interested in purely bosonic supergravity backgrounds (in which the gravitino
and the dilatino are zero) the first, second and third term of eq. (4.21) vanish and the
equation reduces to the Dirac–like equation which can be derived from the quadratic action
of [25] (
I − Γ¯) [ (γb ⊗ (η − σ3 F )−1 ba) E ma δ ψm − δλ] = 0 ,
or (
I − Γ¯) (γb ⊗ (η − σ3 F )−1 ba) Da θ = 0 , (4.25)
where the generalized covariant derivative Da contains the pullback to the worldvolume of
the Spin(1, 9) connection and all contributions of the worldvolume and background gauge
field strengths in accordance with the form of the supersymmetry transformations (4.22) and
(4.23)
Da = Da +
1
4·2!Ha bc γ˜
bc σ3 +
1
8
eΦ(iRaγ˜
a σ2 − 13!Rabcγ˜abc σ1 + i2·5!Rabcde γ˜abcde σ2) γa
(4.26)
− 1
2 (p+1)
γ˜b ⊗ (η + σ3 F )ba
[
(DaΦ + ie
ΦRa σ2 ) γ
a − 1
2·3! (Habc − ieΦRabc σ2 ) γabc σ3
]
,
8In eqs. (4.22), (4.23) and in what follows we skip ⊗ product symbol between γ and σ where this does
not cause confusion.
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where 1
p+1
γ˜b ⊗ (η + σ3 F )ba is inverse of (4.4).
One can notice that the covariant derivative (4.26) entering (4.25) is the covariant deriva-
tive of the generalized holonomy which determines the gravitino supersymmetry variation
(4.22) extended by the terms from the supersymmetry variation of the dilatino (4.23).
In the case of zero worldvolume field strength F2 the equations (4.25) and (4.26) reduce,
respectively, to (
I − Γ¯) γa Da θ = 0 (4.27)
and
Da = Da +
1
4·2!Ha bc γ˜
bcσ3 +
1
8
eΦ(iRaγ˜
a σ2 − 13!Rabcγ˜abc σ1 + i2·5!Rabcde γ˜abcde σ2) γa
(4.28)
− 1
2 (p+1)
γ˜a
[
(DaΦ + ie
ΦRa σ2 ) γ
a − 1
2·3! (Habc − ieΦRabc σ2 ) γabc σ3
]
.
They have been studied in detail for the D3 brane in particular backgrounds with fluxes in
[31, 32, 33].
Let us now proceed with the analysis of the general structure of the fermionic equation
(4.25). Using the transposition identity(
I − Γ¯) (γa ⊗ (η − σ3 F )−1 ab) ≡ (γa ⊗ (η − σ3 F )−1 ab) (I − Γ¯)T (4.29)
we can rewrite (4.25) in the form
Db θ
(
I − Γ¯) (γa ⊗ (η − σ3 F )−1ab) = 0 . (4.30)
Then using the identity (I − Γ¯) ≡ 1
2
(I − Γ¯)(I − Γ¯), the Leibnitz rule and the identity
DΓ¯ (I − Γ¯) = (I + Γ¯)DΓ¯, one can equivalently write eq. (4.30) as
Db (θ (I − Γ¯))(I − Γ¯)
(
γa ⊗ (η − σ3 F )−1ab
)
+
(4.31)
+2 θ(I + Γ¯)DbΓ¯
(
γa ⊗ (η − σ3 F )−1 ab
)
= 0 .
Now we observe that the first and the second terms should vanish separately, i.e.
Db(θ (I − Γ¯))(I − Γ¯)
(
γa ⊗ (η − σ3 F )−1 ab
)
= 0 (4.32)
and
θ (I + Γ¯)DbΓ¯
(
γa ⊗ (η − σ3 F )−1ab
)
= 0 . (4.33)
The reason is that at the leading order in θ which we are interested in at the moment, the
κ–symmetry transformation of θ which follows from eq. (4.8) is
δκ θ = κ(ξ) (1 + Γ¯)|θ=0 .
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Therefore, θ(ξ) (I + Γ¯) is a pure gauge degree of freedom. It can be put to zero as a κ–
symmetry gauge fixing condition. In this gauge the second term in (4.31) vanishes. Now we
notice that eq. (4.32) is κ–invariant at the linear order in θ, because θ (I − Γ¯) is κ–invariant
in this order. Hence the second term (4.33) of (4.31) must vanish in any gauge which is only
possible if the following equation holds
(I + Γ¯)DbΓ¯
(
γa ⊗ (η − σ3 F )−1ab
)
= 0 (4.34)
at least for the purely bosonic supergravity backgrounds in which all fermionic fields are set
to zero. Eq. (4.34) on the κ–symmetry projector is a differential equation for bosonic fields
on the Dp–brane. As such it cannot be an independent equation but only a concise form of
the bosonic equations which we have already found by varying the Dp–brane action.
5 The κ–symmetry projector and the concise form of
the Dp–brane bosonic equations
Let us study in detail eq. (4.34) and its relation to the Dp–brane bosonic equations (3.10),
(3.11), (3.20) and (3.21) and to the Bianchi identity (3.12). Since eq. (4.34) contains the
projector I+Γ¯ it is actually a 16×16 component equation for the matrix hαβ that determines
Γ¯, eq. (4.9). Upon some algebra with the use of eqs. (4.17) it can be reduced to the following
form
Da h γb (η + F )
−1 ba = 0 ⇔ Da h h−1γb (η − F )−1 ba = 0 . (5.1)
Note that in (5.1)Da h h
−1
is a counterpart of the Cartan form d h h
−1
for the group Spin(1, p).
Eq. (5.1) can thus be regarded as a Dirac–like equation on h where the generalized covariant
derivative Da is the following 16× 16 counterpart of (4.26) in the sense that
(1 + Γ¯)D Γ¯ =
(
hDh−1 Dh
D(h−1) h−1Dh
)
(5.2)
(the explicit expression for D h is given in the Appendix).
To reveal the contents of eq. (5.1) let us first simplify things and consider the case when
the dilaton and all the background fluxes are zero. Then the generalized covariant derivative
Da (5.2) reduces to the Spin(1, 9) covariant derivative Da and eq. (5.1) takes the form
Da h h
−1
γb (η − F )−1 ba = 0 . (5.3)
We now notice that eq. (5.3) can be obtained by differentiating the relations (4.17) as follows.
Taking the covariant differential of (4.17) we get
(Dhh−1)γa + γa(Dhh−1)T = γb(Dk k−1)ba + 2γiK ib (η + F )
−1 ba , (5.4)
(Dhh−1)γi + γi(Dhh−1)T = 2Ka i(η + F )−1abγb , (5.5)
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where ka
b = (η + F )bc(η − F )−1 ca is the Cayaley image defined in (4.18) and K ia = EbK iba,
with K iba being the second fundamental form (3.25). To derive eqs. (5.4) and (5.5) we have
used that
γa = γa u aa , γ
i = γa u ia
(see eqs. (2.15), (2.16) and (2.20) for the definition of the harmonics u
a′
b = (u
a
a , u
i
a )), the
identities
δb
a + kb
a ≡ 2ηbc(η − F )−1 ca , δba + k−1ba ≡ δba + kab ≡ 2ηbc(η + F )−1 ca , (5.6)
and the definition of the second fundamental form (3.25) which, due to the harmonic relations
(2.16), implies that
Duaa = u
i
aK
ai , Duia = ua cK
ci (5.7)
⇒ Dγa = γiKai , Dγi = γaKai . (5.8)
The general solution of eqs. (5.4) and (5.5) is
(Dhh−1)βα =
1
4
(Dk k−1)ab(γaγ˜b)βα −Ka i(η + F )−1ab(γbγ˜i)βα , (5.9)
where the first term can be further written as follows (see [64] for the D9 brane case)
(Dk k−1)ab = 2(η − F )−1acDFcd(η + F )−1 db = 2DFcd (η + F )−1 ca(η + F )−1 db . (5.10)
Multiplying the left and the right hand side of (5.9) with γa (η − F )−1ab we get
Dbh h
−1γa(η − F )−1 ab =
= Kb
ai(δ − FF )−1ab γi −K i[ab](η + F )−1ac(η + F )−1 bd γcdγi −
−DaFbc (δ − FF )−1ab(η + F )−1 cd γd
+
1
2
D[a′Fb′c′](η + F )
−1 a′a(η + F )−1 b
′b(η + F )−1 c
′c γabc . (5.11)
We see that the right hand side of eq. (5.11) is expressed as a polynomial in the linearly
independent products of the matrices γa and γi. Therefore, if eq. (5.3) holds, each term in
the right hand side of (5.11) must vanish separately. But these are nothing but the bosonic
equations and the Bianchi identities of the Dp–brane in backgrounds with vanishing dilaton
and vanishing background fluxes. Indeed, the first term in the r.h.s. of (5.11) is the l.h.s.
of the equation of motion of the bosonic field xm written in terms of the (generalized) trace
of the second fundamental form (3.24)–(3.27). The second term in (5.11) contains the anti–
symmetric part of the second fundamental form K i[ab] (3.30) which is zero in the pure bosonic
background. The fourth term is the l.h.s. of the Bianchi identity (3.12) which is zero when
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the pullback of H3 is zero and the third term contains the BI equation (3.11) (in which the
dilaton and the backgound fluxes are set to zero) and the Bianchi identity (3.12). To see
this one should use the identity
Db
(
(η + F )−1 [bc]
√
|η + F |
)
(δ − F )ca ≡ −
√|η + F | [DbFcd(δ − FF )−1 cb (η + F )−1da+
(5.12)
+3
2
D[bFcd](η + F )
−1[bc](η − F )−1[de] (δ − F )ea
]
.
In the presence of the dilaton and the background fluxes the bosonic equations (3.11),
(3.12) and (3.23) acquire the corresponding contributions. Hence, the r.h.s. of (5.11) is
not zero anymore and eq. (5.3) is not valid. But, as one can show using the form of the
bosonic equations of motion (3.23) and (3.12), the dilaton and background flux contributions
arrange themselves in such a way that the matrix h satisfies the Dirac–like equation (5.1)
with the generalized covariant derivative Da (5.2) (see the Appendix for its explicit form).
We have thus demonstrated that eqs. (4.34), (5.1) for the κ–symmetry projector contain
in a compact form all the bosonic field equations of the superbrane when the supergravity
fermionic fields are zero. When the supergravity background contains the gravitino and the
dilatino, the equations (4.34), (5.1) get modified by the corresponding contributions of the
fermionic fields. In this paper we shall not elaborate this case in detail.
6 Linearized fermionic equation with couplings to world-
volume and background fluxes. Further analysis and
examples
We now go back to the consideration of the linearized fermionic equations (4.32) and rewrite
them explicitly in terms of a single physical 16–component fermionic field θ (1−Γ¯)⇒ Θα(ξ) =
(θ2−θ1 h)α, similar to the generic equation (4.19), without imposing any κ–symmetry gauge
fixing condition. Using the definition of Γ¯ (4.9), the generalized covariant derivative (4.28)
and the Dp–brane concise bosonic equations (5.1) we get the following Dirac–like equation
for 16–component fermionic field in the Einstein frame
DbΘ γa (η + F )
−1 ab = −e
Φ
8
Θ
[
(p− 3)
(
e−ΦD/Φ− R/ 1hT −1
)
+ 2Rbγa(η − F )−1 abhT −1
−e−ΦD/Φ γ˜b γa (F (η + F )−1)ab −R/ 1γ˜b γa (F (η − F )−1)abhT −1
]
(6.1)
+
e
Φ
2
4
Θ
[(
e−ΦH/− p− 1
2
R/ 3 h
T −1
)
− 1
2
γcd γa (η − F )−1ab
(
e−ΦHbcd −RbcdhT −1
)
−
−1
2
R/ 3γ˜b γa (F (η − F )−1)abhT −1
]
− 1
8 · 4! ΘRbc1...c4γ
c1...c4γa((η − F )−1)abhT −1 ,
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where Θα(ξ) = (θ2 − θ1 h)α is a single 16–component combination of the two worldvolume
fermions and the “slashed” objects are
D/Φ = γaDaΦ , R/ 1 = γ
aRa , R/ 3 =
1
3!
γa b cRa b c , H/ =
1
3!
γa b cHa b c (6.2)
(a , b , c = 0, 1, · · · , 9).
In the string frame (see Subsection 2.2) Θ|str = eΦ8 Θ and the fermionic equation takes
the form (where the overall dilaton factor e−Φ is brought to the left hand side) 9
e−ΦDbΘ γa (η + F )−1ab = −18 Θ
[
−4 e−ΦD/Φ− (p− 3)R/ 1hT −1
+2Rbγa(η − F )−1 ab hT −1 − R/ 1γ˜b γa (F (η − F )−1)abhT −1
]
(6.3)
+1
4
Θ
[(
e−ΦH/− p−1
2
R/ 3 h
T −1
)
− 1
2
γcdγa (η − F )−1ab
(
e−ΦHbcd −Rbcd hT −1
)
−
−1
2
R/ 3γ˜b γa (F (η − F )−1)abhT −1
]
− 1
8·4! ΘRbc1...c4γ
c1...c4γa(η − F )−1 abhT −1 .
Equations (6.1) and (6.3) contain all possible couplings of the Dp–brane fermions to the
worldvolume and type IIB background fluxes linear in fermions.
This is however not the end of the story, because in its left hand side the covariant
derivative Da = E
b
a ∂b − 14 Ω bca γbc is not a proper induced covariant derivative in the world-
volume. It contains the pullback of the Spin(1, 9) connection rather than the induced
Spin(1, p) × Spin(9 − p) connection of the worldvolume theory. Therefore, to complete
the derivation of the explicit form of the Dirac equation for the brane fermions we should ex-
tract from Da the proper worldvolume covariant derivative. To this end, using the harmonic
relations (2.15) and (2.16) we rewrite D as follows 10
D = d− 1
4
Ω bcγbc = d− 1
4
Ω bc γbc − 1
4
Ω ij γij +
1
2
Ω b iγb γ˜
i
(6.4)
= D + 1
2
K b i γb γ˜
i +
1
4
u a b d u ca γbc ,
where K b i = uaDui = ua dui + Ω b i is the second fundamental form defined in eq. (3.25),
γa = γa u aa , γ
i = γa u ia and
Da = E ba ∂b −
1
4
ω bca γbc −
1
4
A ija γij (6.5)
9To arrive at (6.3) we used the relation
[DbΘ γa (η + F )
−1 ab]str = e
−
Φ
8
(
DbΘ γa (η + F )
−1 ab + p+18 ΘD/Φ− 18 ΘD/Φγ˜b γa (F (η + F )−1)ab
)
.
10We recall that in our mostly minus metric convention ηab = (ηab ,−δij).
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is the proper worldvolume covariant derivative with the SO(1, p) spin connection ω bc and
the R–symmetry SO(9− p) connection A ij induced by the embedding. They are related to
the pullback of the SO(1, 9) connection as follows (see [52, 55] for details)
ω bc = Ω bc u bb u
c
c − u a bdu ca , A ij = Ω bc u ib u jc − u a idu ja . (6.6)
The inhomogeneous term u d u in (6.4) is due to the SO(1, 9) Lorentz transformation of
the vector vielbein Ea performed to adapt it to the brane worldvolume, as was explained
in Subsection 2.3. At the same time, the spinorial objects like Eα and Θα have not yet
been subject to the corresponding Spin(1, 9) transformation associated with u b
′
a . Such a
transformation is performed by a 16 × 16 matrix v β′α of Spin(1, 9) (which defines spinor
Lorentz harmonic [59, 60, 52]) and which is determined by the conventional relation between
the vector and the spinor representations of the Lorentz group
v γa vT u b
′
a = γ
b′ = (γa, γi) . (6.7)
From this relation it follows, in particular, that
1
4
u a b d u ca γbc = v d v
−1 . (6.8)
Now, let us multiply both sides of eq. (6.3) by vT from the right, use the relations (6.7),
(6.8) and make the following redefinitions
Θ v−1 ⇒ Θ , v γa vT u aa = γa , v γa vT u ia = γi , v−1hv ⇒ hαβ ,
where upon the Spin(1, 9) rotation the matrices γa and γi are constant as a consequence of
(6.7). As a result, with this new definitions, the right hand side of the fermionic equation
(6.3) does not change its form while its left hand side becomes
e−ΦDbΘ γa (η + F )−1 ab ⇒ e−ΦDbΘ γa (η + F )−1 ab − 1
2
e−ΦK c ib Θ γ
iγ˜c γa (η + F )
−1ab .
(6.9)
Using the Clifford algebra, the second term in the r.h.s. of eq. (6.9) can be decomposed as
follows
K c ib Θ γ
iγ˜c γa (η + F )
−1ab = Kb
ci Θ γiγ˜ca(η + F )
−1ab +Kba
i(η + F )−1 ab Θ γi
(6.10)
= −Kbci Θ γiγ˜ca[F (η + F )−1]ab +K(ba)i(η + F )−1 ab Θ γi ,
where in the right hand side we split Kbc
i into symmetric and antisymmetric parts and took
into account that K[bc]
i = 0 in a background with zero bulk fermions and in the leading order
in Θ (see eq. (3.30)). Note that the pair of upper indices i implies the contraction with the
unit matrix δij .
One can notice that the last term in (6.10) is the left hand side of the worldvolume scalar
equation (3.27) whose right hand side contains the contribution of fluxes. Thus this term
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brings additional couplings of the worldvolume fermion to fluxes. Actually, as we shall see
on examples these additional terms cancel the non–Lagrangian flux terms of the fermion
equation (6.3) in which the products of the gamma–matrices are symmetric Sαβ = Sβα, i.e.
the terms which (since ΘSΘ ≡ 0) cannot be obtained from the quadratic Lagrangian of
[24, 25], besides the terms with the dilaton derivatives and those proportional to the BI field
equation and the Bianchi identity which result from integrating by parts the kinetic term
Lkin =
√|η + F | e−ΦΘDbγaΘ (η + F )−1 ab.
Finally, taking into account the bosonic equation (3.27), the linear fermion Dirac equation
which includes all possible interactions of D–brane fermions with the worldvolume fields and
the background gravity and fluxes takes the following form
e−ΦDbΘ γa (η + F )−1ab + 12 e−ΦK(bc)i Θ γiγ˜ca[F (η + F )−1]ab =
= −1
8
Θ
[
−4 e−Φ γaDaΦ− (p− 3)R/ 1hT −1
+2Rbγa(η − F )−1abhT −1 − R/ 1γ˜b γa (F (η − F )−1)abhT −1
]
(6.11)
+1
4
Θ
[(
e−ΦH/− p−1
2
R/ 3 h
T −1
)
− 1
2
γcdγa (η − F )−1ab
(
e−ΦHbcd −Rbcd hT −1
)
−
−1
2
R/ 3γ˜b γa (F (η − F )−1)abhT −1
]
− 1
8·4! ΘRbc1...c4γ
c1...c4γa(η − F )−1abhT −1
−1
4
e−ΦHi ab (η + F )−1ab Θ γi +
(−)
p+1
2
2 (p+1)!
√
|η+F| ǫ
a1···ap+1 Θ γi (R eF2)i a1···ap+1 ,
where the slashed quantities have been defined in (6.2).
Let us repeat once again that the above Dirac equations for a single Majorana–Weyl
spinor Θ(ξ) are κ–gauge independent, since they were derived without gauge fixing κ–
symmetry.
6.1 On κ–symmetry gauge fixing
Some comments about gauge fixing kappa–symmetry are now in order. As we have already
noted, the fermionic field Θα(ξ) = (θ2− θ1 h)α is κ–invariant in the leading order in θ, while
another linearly independent combination of θ1 and θ2, e.g. ηα(ξ) = (θ2 + θ1 h)α transforms
under the κ–symmetry (4.8) as a Goldstone fermion
δκ η
α(ξ) = δκ (θ
2 + θ1 h)α = κα(ξ) := 2(κ1 + κ2 h)α +O(θ θ) . (6.12)
We can use (6.12) to gauge fix ηα(ξ) to zero. This is the most natural choice of the κ–
symmetry gauge fixing condition which is always consistent with the superbackground where
the brane moves, since the properties of the background are encoded in the form of the matrix
h βα , as we discussed in Section 5. Such a gauge fixing was used for the analysis of the Dirac
equation for M5 and D3 branes with fluxes in [26, 29, 30, 32].
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One also often uses an alternative D=10 covariant gauge fixing condition [65], e.g. θ1 =
0 ⇒ Θ = θ2, however, in this case one should be careful and check whether this condition is
consistent with the background chosen, e.g. in [32] it was shown that such a condition can
be inconsistent with orientifold compactifications.
We shall now analyze the structure of the Dp–brane fermion equations in different cases.
We shall work in the string frame only.
6.2 Equations for all type IIB Dp–branes in the absence of the
worldvolume flux. String frame
Putting to zero the worldvolume field strength F2 must be compatible with the equation of
motion of the BI field (3.11) and the Bianchi identity (3.12). The Bianchi identity implies
that F2 (which in the string frame coincides with F2) can be zero if the brane is placed
into the background in such a way that the pullback of the NS–NS flux, along the brane
worldvolume is zero
Habc = 0 , (6.13)
while the BI equation of the Dp–brane implies that the pullback of the RR p–form flux Rp
along the brane worldvolume, which is a source for Fab must also be zero
Ra1···ap = 0 . (6.14)
In such a case the bosonic scalar field equation (3.21) is
1√|g| Dm
(
e−Φ
√
|g| gmnEna
)
+ e−ΦEMa ∂M Φ = −
(−) p+12
(p+ 1)!
√|g| ǫm1···mp+1 Ram1···mp+1 (6.15)
or in terms of the second fundamental form (3.25)
Ka
ai = DiΦ+
(−) p+12
(p+ 1)!
ǫa1···ap+1 Ria1···ap+1 .
Taking into account the simplification of the κ–symmetry projector (4.13), the Dirac
equation (6.11) reduces to
e−ΦDaΘ γa = 1
2
Θ
(
e−Φ γaDaΦ +
p− 3
4
Ra γ
a γ¯ − 1
2
Raγ
a γ¯
)
+
(6.16)
+
1
4
Θ
[
1
3!
γabc (e−ΦHabc − p− 1
2
Rabc γ¯)− 1
2
γcd a(e−ΦHa cd −Ra cd γ¯)
]
− 1
8 · 4! ΘRa c1···c4γ
a c1···c4 γ¯ +
(−) p+12
2 · (p + 1)! Θ ǫ
a1···ap+1 Ri a1···ap+1γi .
We recall that γ¯ = 1
(p+1)!
ǫa0a1··· ap γ˜
a0 · · · γap, as defined in (4.13), a = (a, i), the indices a are
those of the worldvolume and the index i corresponds to the directions orthogonal to the
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brane. The pair of indices i which are both lower (or upper) ones denotes the contraction
with the unit matrix δij , as in the last term of (6.16).
Note that in agreement with our arguments below eq. (6.10), except for the dilaton
derivative term, all products of the gamma matrices in the right hand side of (6.16) are
antisymmetric, as we shall now see on the examples.
6.2.1 D1 brane
In the case of the D–string (see e.g. [66]) the worldvolume field strength has only one
component Fab = ǫab F and the Born–Infeld equation simplifies to
∂b
(
e−Φ
F√
1− F 2
)
= Rb = ∂bC0 ⇒ F = eΦ c+ C0√
1 + (c+ C0)2 e2Φ
, (6.17)
where C0(x) is the axion and c is an integration constant.
The worldvolume scalar field equation (3.24), (3.27) is
2e−ΦKaai = 2 e−Φ (1−F 2)DiΦ+e−Φ F H iab ǫab−
√
1− F 2Riab ǫab+2F
√
1− F 2Ri (i = 1, · · · 8) .
One can see that F = 0 requires that Ra = 0.
The Dirac equation for a D1 brane with Fab = 0 is
e−ΦDaΘ γa = 1
2
Θ
(
e−Φ γaDaΦ+
1
2
Ri γi γ¯
)
− 1
2 · 4! Θ ǫ
abRab i1i2i3γ i1i2i3
(6.18)
−1
8
Θ
(
e−Φ ǫabHabi γiγ¯ +
1
3
e−ΦHijk γijk −Ra ij ǫab γb γij
)
, γ¯ =
1
2
ǫab γ˜
ab .
6.2.2 D3 brane (without and with a topological Born–Infeld flux on K3)
The D3 brane worldvolume field strength can be zero if Habc and Rabc are zero along the
brane. The Dirac equation for the D3 brane, which in the case of the constant dilaton–axion
coincides with the equation derived in [31, 32], is
e−ΦDaΘ γa = 1
2
Θ γa
(
e−ΦDaΦ− 1
2
Raγ¯
)
− 1
4 · 4! ΘRa i1···i4γ
a i1···i4 γ¯
(6.19)
+ Θ
(
1
8
γab γi (e
−ΦHabi − Rabi γ¯)− 1
4!
γijk (e
−ΦHijk − Rijk γ¯)
)
, γ¯ =
1
4!
ǫabcd γ˜
abcd .
Though, even if the background sources for the Born–Infeld field i.e. Habc and Rabc are
zero, in general, the BI field strength F2 may acquire non–zero values when D3 branes wrap
a topologically nontrivial manyfold.
Consider, e.g. a D3–brane instanton wrapping the 4–dimensional manifold K3 in type
IIB orientifold compactification on M4 × K3 × T 2/Z2. Without the worldvolume flux this
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example was considered in [32, 33]. The Dirac equation derived therein has (in a constant
dilaton–axion background and in the absence of the R5 flux) the form
DaΘ γa = 1
8
Θ G˜abI γ
ab γI , (6.20)
where I = 1, 2 is the index corresponding to T 2 and a, b = 1, 2, 3, 4 are the indices of the D3
brane worldvolume which coincides with K3 (we consider the case of a static D3 which does
not oscillate in the directions of the physical space M4) and
G˜abI ≡ HabI − iRabI γ¯ . (6.21)
The imaginary unit i appeared in (6.21) because of the Wick rotation to Euclidean space 11.
In a complex coordinate system, the flux on K3× T 2/Z2 has the following form [67]
G3 = R3 − iH3 = cΩ2 ∧ dz +Gz ∧ dz, (6.22)
where c is a constant, Ω2 is the holomorphic self–dual (2,0)–form on K3, Gz is a closed anti–
self–dual (1,1)–form on K3 and (z, z) are complex coordinates on T 2. In [67] it was shown
that for the compactification of K3 × T 2/Z2 with the flux G3 to preserve supersymmetry,
either Gz = 0 or c = 0, so that G3 is either self–dual or anti–self–dual. This prompts us
also to consider a Born–Infeld instanton field on the D3–brane instanton wrapping K3. This
BI instanton can be probably related to the presence of a worldvolume field on D7 branes
(filling M4 and wrapping K3) which participate in the tadpole cancelation and gaugino
condensation [67, 34].
In the presence of a non–zero worldvolume field F2 the D3–brane worldvolume scalar
field equation (3.27) is
K aib (δ + F )
−1 b
a = δ
i
I
(
1
2
HIab (δ − F )−1ab + i
4
√
|δ+F | ǫ
a1···a4RIa1a2 Fa3a4
)
, (6.23)
where the imaginary unit i appeared because of the Wick rotation, the indices i = 1, · · · , 6
are those of the directions orthogonal to D3 (and K3) and I = 1, 2 are those of T 2.
Remember that in the static gauge in which p + 1 coordinates of the target space are
identified with those of the worldvolume, xm = ξm, the second fundamental form has the
form (3.26)
K iab = −EamEbn(∂m ∂n xi˜ Ei˜i + ΓmnlEli + ∂m xi˜ Γni˜ l Eli), (6.24)
where Γmn
l and Γni˜
l are components of the target space Christoffel symbol and
dxlEl
i = (dxmEm
i, dxi˜Ei˜
i) are components of the target space vielbein in the i–directions
orthogonal to the brane worldvolume.
If we assume that, like in the case of F2 = 0, the D3–brane wraps K3 smoothly, i.e. it
is static and does not fluctuate in transverse directions, ∂m x
i˜ = 0, the second fundamental
11Note that in contrast to [32] in eq. (6.21) R3 enters with the minus sign. This is because in our present
convention for the Wick rotation to Euclidean space ǫabcd → iǫabcd, γ¯ → iγ¯ and Euclidean γa satisfy the
anti–commutation relations γaγ˜b + γbγ˜a = −δab.
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form of the D3 worldvolume is zero (since Γmn
l El
i = 0 for M4 ×K3 × T 2/Z2) so the left
hand side of (6.23) must vanish, and we are left with the condition
i
2
√|δ + F | ǫa1···a4Ra1a2I Fa3a4 + HabI (δ − F )−1ab = 0 . (6.25)
In the case of a weak F2 field we can restrict eq. (6.25) to the linear order in F2
1
2
ǫa1···a4Ra1a2I Fa3a4 − iHabI F ab = 0 . (6.26)
Consider now the case of the compactification with the flux (6.22) be self–dual in K3, i.e.
Gz = 0. Then both R3 and H3 are self–dual, and eq. (6.26) takes the form
(RabI − iHabI)F ab = GabI F ab = 0 , (6.27)
from which it follows that for eq. (6.27) to be satisfied, F2 must be anti–self–dual,
Fab = −12 ǫabcd F cd. On the other hand, if G3 in (6.22) is anti–self–dual in K3, i.e. c = 0, the
equation (6.26) takes the form
(RabI + iHabI)F
ab = G¯abI F
ab = 0 . (6.28)
It is satisfied if F2 is self–dual, Fab =
1
2
ǫabcd F
cd. In both of the cases, because of (anti)–
self–duality of F2 and of the Bianchi identity dF2 = 0, the linearized BI equation on K3 is
identically satisfied, Da F ab = 0.
Away from the linear approximation, the (anti)–self–duality condition on F2 seems to
become non–linear
∓1
2
ǫabcd Fcd = (δ + F )
−1[ab]√|δ + F | , (6.29)
which in view of the Bianchi identity dF2 = 0 implies the BI equation
Da (
√|δ + F | (δ + F )−1[ab]) = 0.
However surprisingly, one can verify that the non–linear self–duality relation (6.29) ac-
tually reduces to the linear one Fab = ±12 ǫabcd F cd. The simplest way to see this is to choose
in a given point ξ on the D3 brane worldvolume a special SO(4) frame in which the only
non–zero components of the Euclidean Fab are F12 = −F21 and F34 = −F43. In this frame
the r.h.s. of eq. (6.29) takes the form
(δ + F )−1[ab]
√
|δ + F | = − F
ab + F12 F34 F
∗ab√
1 + F 212
√
1 + F 234
.
Substituting this expression into (6.29) we get the conventional linear self–duality condition
±F ∗ab =
Fab + F12 F34 F
∗
ab√
1 + F 212
√
1 + F 234
⇒ F12√
1 + F 212
= ± F34√
1 + F 234
⇒ F12 = ±F34 ⇒ Fab = ±1
2
ǫabcd F
cd . (6.30)
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In the case of a non–zero generic BI field and in the setup under consideration, eq. (6.25)
is not satisfied. This happens, for instance, when both, the G3 = R3− iH3 and Fab are either
self–dual or anti–self–dual on K3. The situation may be cured if in the compactification
background there is also a non–zero R5 flux.
The presence of R5, in general, leads to a warping of the compactified space. We shall
discuss more examples of this setup in Section 7. A generic form of the part of R5 along
the tangent space of the compactified manifold X6 (which, by duality, preserves Lorentz–
invariance in effective four–dimensional space–time) is
Rq1···q5 = −ǫq1···q5q6 ∂q6 lnZ(y) , (6.31)
where Z(yq) is a function of X6 coordinates whose square root is the warp (conformal) factor
Z
1
2 (y) of the compactified space metric (see eq. (7.3) of Section 7). In the Wick rotated
space time the self–dual R5 is complex. We can make a natural assumption that upon Wick
rotation the metric warp factor Z(yq) and R5 remain real in the a priori Euclidean X6. If
so, by duality, R5 becomes pure imaginary in the effective four–dimensional space M4
Rr1r2r3r4q = −iǫr1r2r3r4 ∂q lnZ(y) (r = 1, 2, 3, 4). (6.32)
In other words, the imaginary unit appears in the above expression because of the Wick
rotation of the time coordinate in M4.
In the warped K3 × T 2/Z2 background, the non–fluctuating (i.e. ∂axi = 0) D3 brane
instanton wrapping the conformally warped K3 has a non–zero second fundamental form
(6.24) with the indices I, J = 1, 2 corresponding to T 2
Ka
bI =
1
4
δba ∂
I lnZ . (6.33)
Then, in accordance with the generic equation (3.27) the D3 brane instanton scalar field
equation acquires the contribution from R5 and takes the form
1
2
∂I lnZ δ
a
b (δ + F )
−1 b
a
√
|δ + F | =
(6.34)
=
i
12
ǫa1···a4Ra1···a4I +
i
2
ǫa1···a4Ra1a2I Fa3a4 + HabI (δ − F )−1ab
√
|δ + F | .
The assumption about the reality of Wick rotated bosonic fields helps us to find particular
solutions of the D3 brane bosonic field equations. Thus, equation (6.34) imposes additional
conditions which relate the warp factor and generic bulk and worldvolume fluxes
1
2
∂I lnZ(y) δ
a
b (δ + F )
−1 b
a
√
|δ + F | = HabI (δ − F )−1ab
√
|δ + F | ,
(6.35)
2 ǫIJ∂J lnZ(y) =
1
2
ǫa1···a4Ra1a2I Fa3a4 .
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We should note that eqs. (6.35) cannot be regarded as differential equations on lnZ, since
these equations are valid on the D3 brane worldvolume at a certain point in T 2/Z2, while ∂I
is the derivative in T 2/Z2 directions orthogonal to the worldvolume.
Consider now the case when Fab is either self–dual or anti–self–dual, but let us for a
moment do not specify H3 and R3. Now take into account that for a self–dual or anti–self–
dual Fab the equation (6.29) and the following relations hold√
|δ + F | = 1 + 1
4
F 2 , Fac Fb
c =
1
4
δab F
2 , (δ ± F )−1ab = δ
ab ∓ F ab
1 + 1
4
F 2
(δ + F )−1(ab) (1 +
1
4
F 2) = δab ⇒ δab (δ + F )−1ab
√
|δ + F | = 4 ,
we reduce eqs. (6.35) to
2 ∂I lnZ(y) = HabI F
ab , 2 ǫIJ ∂J lnZ(y) =
1
2
ǫa1···a4Ra1a2I Fa3a4 . (6.36)
If Fab is anti–self–dual, while Ω2 of G3 = R3 − iH3 is self–dual, then the right hand sides of
eqs. (6.36) vanish identically, so their left hand sides must also be zero, ∂I Z = 0, and hence
the warp factor should not depend on the coordinates on T 2.
On the other hand, if Fab is self–dual, e.g. proportional to Ω2, then the r.h.s. of (6.36)
do not vanish, and eqs. (6.36) give a relation between the warp factor and the topological
background and worldvolume fluxes. In addition, if Fab is self–dual, the conditions (6.36)
require the 3–form flux G3 = R3−iH3 to be imaginary self–dual on the whole six–dimensional
manifold (being warped K3 × T 2/Z2 in the case under consideration), i.e. G3 = i∗G3 or
HabI = −12 ǫIJ ǫabcdRcdJ , which is indeed the case when in (6.22) the term Gz is zero.
One can turn around the above argument of the necessity to have a non–zero R5 flux when
a generic worldvolume gauge field is induced. Namely, if one starts from the consideration
of the D3 brane instanton on K3 without the worldvolume field and switches on the R5
flux, the letter contributes to the r.h.s. of the D3 brane scalar field equation (3.21), (3.27).
Since the Wick rotated R5 is complex and the l.h.s. of eqs. (3.21), (3.27) are assumed to
remain real, for these equations to have a solution in general case one should also excite a
worldvolume gauge field on D3 as in eq. (6.34). The message is that if one considers a D3
brane instanton wrapping a four–fold of a Calabi–Yau manifold in warped compactifications
with non–zero R5 flux, one should in certain cases take into account the worldvolume gauge
field modes of such an instanton.
It is of interest to analyze (elsewhere) in detail whether the above instanton configura-
tions, and in particular, the fluxes defined by eqs. (6.35) are compatible with Wick rotated
supergravity solutions determining Calabi–Yau compactification backgrounds.
Finally, let us present the Dirac equation for the fermionic modes on the D3–brane
instanton in the presence of the BI instanton or anti–instanton, F2 = ±∗F2, in the case
without warping
−DbΘ γa (δab + F ab) = 18 Θ γab γI
(
(1− 1
4
F 2)HabI − i (1 + 14 F 2)RabI h
T −1
)
−
(6.37)
−1
4
Θ γI γ
ab FcaHbcI +
1
4
Θ γI HabI F
ab − i
8
Θ γI RabI F
ab h
T −1 − i
8
Θ γI RabI
∗F ab γ¯ h
T −1
.
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In the cases in which HabI and RabI have opposite K3 duality in comparison with F2 = ±∗F2,
i.e. HabI = ∓12 ǫabcdHcdI and RabI = ∓12 ǫabcdRcdI , the last two terms in eq. (6.37) vanish
and it reduces to
DbΘ γa (δab + F ab) =
(6.38)
= −1
8
Θ γab γI
(
HabI − iRabI hT −1 − 2Fc[aHb]cI − 14 F 2 (HabI + iRabI h
T −1
)
)
,
where h
T −1
= 1
1+ 1
4
F 2
(γ¯ − 1
4
ǫabcd Fab γ˜cd +
1
8
ǫabcd Fab Fcd · 1), γ¯ = 14! ǫabcd γ˜abcd and
γaγ˜b + γbγ˜a = −δab.
6.2.3 D5 brane
Fab on the D5 brane can be zero if Habc and Ra1···a5 are zero. Thus, the D5 brane Dirac
equation reduces to
e−ΦDaΘ γa = 1
2
Θ e−Φ
(
γaDaΦ− 1
2
γiRiγ¯
)
+
1
4!
ǫa1···a4bc ΘRi a1···a4 γi γbc
(6.39)
+
1
8
Θ
(
e−ΦHabi γab γi − 1
3
e−ΦHijk γijk − γij γaRija γ¯
)
, γ¯ =
1
6!
ǫa0···a5 γ˜
a0···a5 .
6.2.4 D7 brane
In this case for the BI field strength Fab to be zero, it is necessary that Habc = 0 and
Ra1···a7 = −R∗ija = 0, and the D7 brane Dirac equation takes the form
e−ΦDaΘ γa = 1
2
Θ e−Φ
(
γaDaΦ +
1
2
γaRaγ¯
)
+
1
2 · 4! Θ γ
abc ǫijRabcij
(6.40)
+
1
8
Θ γab γi
(
e−ΦHabi − ǫij Rjab
)
, γ¯ =
1
8!
ǫa0···a7 γ˜
a0···a7 .
6.2.5 D9 brane (with and without worldvolume field)
The D9 brane is space filling, so there are no orthogonal directions and the worldvolume
indices a, b, . . . coincide with target space indices a, b, . . .. The D9 brane always carry a
non–zero worldvolume field in the backgrounds with a non–zero H3 and/or the axion R1. Its
Dirac equation is
e−ΦDbΘ γa (η + F )−1 ab = −18 Θ
[
−4 e−Φ γaDa Φ− 6 γaRa hT −1
+2Rbγa(η − F )−1 abhT −1 − γcRc γ˜b γa (F (η − F )−1)abhT −1
]
+
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(6.41)
+1
4
Θ
[
1
3!
γabc
(
e−ΦHabc − 4Rabc hT −1
)
− 1
2
γcdγa (η − F )−1ab
(
e−ΦHbcd −Rbcd hT −1
)
−
− 1
2·3! γ
c1c2c3 Rc1c2c3 γ˜b γa (F (η − F )−1)abhT −1
]
− 1
8·4! ΘRbc1...c4γ
c1...c4γa(η − F )−1abhT −1
with h
T −1
defined in (4.12).
The Dirac equation for the D9 brane with Fab = 0 (which requires Habc = 0 and R
∗
a =
Ra1···a9 = 0) has the following form
e−ΦDaΘ γa = 1
2
Θ e−Φ γaDaΦ− 1
4!
Θ γabcRabc .
Note that in this case γ¯ = 1 and the term with R5 vanishes because of the self–duality.
7 Dp–branes with intrinsically non–zero worldvolume
flux
Let us now consider examples of backgrounds with fluxes in which the BI field on the brane
cannot be put to zero and thus should be taken into account in the solutions of the Dp–brane
bosonic and fermionic equations of motion. As we have already mentioned, this happens
when Habc and/or Ra1··· ap are non–zero along the brane worldvolume.
Such a situation may occur in (warped) compactifications of type IIB string theory with
R5 and/or H3 and R3 fluxes turned on. These include e.g. the classical AdS5 × X5 back-
grounds [68, 69] with X5 being a sphere S
5 or an Einstein manifold such as the Sasaki–
Einstein manifolds of S2×S3 topology. In a certain coordinate system the AdS5×X5 metric
has the following form (in our mostly minus metric signature)
ds2 =
(
r
ρ
)2
(dx20 − dxidxi)−
(ρ
r
)2
dr2 − ρ2 ds2X5 , i = 1, 2, 3 (7.1)
where ρ is a characteristic radius of AdS5 and X5 (the square root of the inverse cosmological
constant), r is the radial coordinate of AdS5 and dx
2
0−dxidxi is the metric of the Minkowski
space boundary of AdS5 corresponding to a stack of N near horizon D3 branes.
The AdS5×X5 compactifications are triggered by the non–zero R5 flux which in the local
Lorentz frame is12
RAdS5r1···r5 =
4
ρ
ǫr1···r5 , R
X5
q1···q5 =
4
ρ
ǫq1···q5 . (7.2)
In addition to the R5 flux, R1, R3 and H3 fluxes are switched on in more general type
IIB supersymmetry configurations with general fluxes (see [70, 71] for review and references
therein).
12In our mostly minus metric convention ǫr1···r5 q1···q5 = ǫr1···r5 ǫq1···q5 , ǫr1···r5 q1···q5 = −ǫr1···r5 ǫq1···q5 and
ǫ1···5 = ǫ1···5 = 1.
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The generic setup is the following. The D=10 space–time is a warped M4 ×w X6 (where
×w means that because of warping the D=10 manifold is not really the direct product)
manifold with a metric (of mostly minus signature)
ds2 = Z(y)−1/2 ds2M4 − Z(y)1/2 ds2X6 (7.3)
and with fluxes H3 and R3 turned on in the compactified manifold X6 (usually taken to be
a Calabi–Yau) and with the self–dual R5 flux of the following form in a local Lorentz frame
Rr1···r4 q = −ǫr1···r4 ∂q lnZ Rq1···q5 = ǫq1···q6 ∂ q6 lnZ , (7.4)
where Z(y) is a warp factor depending on the coordinates yq of X6 (q = 1, · · · 6) and
the indices r = 0, 1, 2, 3 are those of the space–time M4 in a local Lorentz frame. When
Z(y) = ρ
4
r4
, r2 = yq yq, the metric (7.3) reduces to that of AdS5 ×X5. The explicit form of
H3, R3 and of the axion–dilaton depends on the compactification solution and will not be
given here (see [71] for a review and references).
In what follows we shall work in the static gauge ξm = xm for the brane worldvolume
coordinates. We shall restrict ourselves to situations which allow for static brane configura-
tions, i.e. those whose oscillating modes do not depend on time variable ∂0 x
i(ξ) = 0.
7.1 D5 branes in AdS5 × S5 and AdS5 ×X5
Let us consider the example of a probe D5 brane wrapping S5 in the conventional AdS5×S5
background, or a (Sasaki–)Einstein space X5 in AdS5×X5, and having the time direction in
AdS5. For an AdS5 observer it thus looks like a particle. The D5 brane wrapping S
5 has been
under extensive study from various perspectives [44]–[48], in particular, as a manifestation
of the Hanany–Witten effect [72] and as a baryon vertex of an effective D = 4 gauge theory
[42, 43].
We add to these results the derivation of the explicit form of the linearized Dirac equation
for the fermionic modes on this “baryonic” D5 brane.
Since R5 is given by eq. (7.2) and other fluxes are zero, and if the D5 brane is static and
if it does not have modes excited in transverse directions, i.e. ∂mx
i (ξ) = 0, the D5 brane
scalar field equation (3.23), (3.27) reduces to
Kab
i (η + F )−1ba = 0 ,
where the second fundamental form Kab
i describing the embedding of the D5 brane world-
voulme into target space–time has been defined in (3.26).
The BI equation (3.11) takes the form
∂m
(
(g + F )−1 [ml]
√
|g + F |
)
=
1
5!
ǫl m1···m5 Rm1...m5 , (7.5)
where gmn is the (almost minus signature) metric in the D5 brane worldvolume induced by
embedding into AdS5 ×X5 (7.1) which for the static D5 wrapping X5 is
ds2D5 =
(
r
ρ
)2
dx20 − ρ2 ds2X5 (7.6)
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Taking into account (7.6) one gets the following BI equation for the static D5 brane
Dm
(
(g + F )−1 [ml]
√
|η + F |
)
=
1
5!
√|gD5|ǫl m1···m5 Rm1...m5 = 4ρ ρr δl0 = 4r δl0 , (7.7)
where r is the radial coordinate of AdS5 (see (7.1)). For the static D5 brane r takes a
constant value on its worldvolume, i.e. ∂m r = 0.
We notice that the R5 flux (7.4) produces the source term to the electric part of the BI
field strength which thus cannot be zero.
In the linear BI field approximation eq. (7.7) reduces to
Dq F q0 = 4
r
, Dq2 F q2q1 − ∂0 F q1 0 = 0 , q = 1, · · · , 5 , (7.8)
where Dq is the covariant derivative on X5. We thus get the Maxwell equation for the electric
field F q0 on the X5 surface of the D5 brane which is electrically charged with the constant
charge density 1/r.
In the case in which the magnetic part Fq1q2 of the worldvolume field strength is zero
13
the equations (7.8) reduce to the Poincare equation for the static electric potential A0 on
X5 with the constant source
DqDq A0 = △A0 = 4
r
. (7.9)
This equation, as well as the Born–Infeld equation (7.7) and the Maxwell equation (7.8)
(which imply that the vector V q = (η + F )−1 q0
√
|η + F | must have a constant divergence
Dq V q = 1r ) do not have solutions on the compact manifold X5 and in particular on S5. The
physical explanation of this is that since the D5 brane carries an effective electric charge
there should be an electric flow in a direction orthogonal to S5. This flow can be associated
with N strings attached to S5, extended along the radial direction of AdS5 and ended on its
Minkowski space boundary [42], which is formed at the near horizon limit by N coincident
D3 branes. The charge of these N strings compensates N unites of the R5 flux on S5.
This points to the well known fact that the brane cannot smoothly wrap X5, i.e. the
condition ∂m x
i(ξ) = 0 is not consistent and should be relaxed. In particular, if a brane
mode is excited along the radial coordinate r of AdS5 (along which the N strings joining D5
with the Minkowski boundary are stretched), r(ξ) becomes a function of the D5 worldvolume
coordinates of S5 and does not depend on x0 (∂0 r = 0), the source in the BI equation be-
comes non–constant and the BI equation with a properly behaved r(ξ) has (supersymmetric)
solutions [44]–[48].
Indeed, the D5 brane worldvolume metric becomes
ds2D5 =
(
r
ρ
)2
dx20 −
(ρ
r
)2
∂q1r ∂q2r dξ
q1 dξq2 − ρ2 ds2X5 (7.10)
13Effects of a non–zero self–dual magnetic field Fq1q2 have been recently studied in [49].
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(where ξq are the coordinates of X5) and the BI equation takes the following form
Dm
(
(g + F )−1 [ml]
√|η + F |) = 1
5!
ρ
r
1q
1+( ρr )
2
∂qr ∂qr
δl0ǫq1···q5 RX5q1...q5
(7.11)
= 4
r
q
1+( ρr)
2
∂qr ∂qr
δl0 .
(the indices q in ∂qr ∂
qr are contracted with the metric 1
ρ2
gq1q2 on X5). The right hand side
of this equation is non–constant and allows for solutions in X5.
For such a D5–brane configuration the Dirac equation (6.11) takes the form
DbΘ γa (η + F )−1ab + 12 K(bc)i Θ γiγ˜ca[F (η + F )−1]ab = (7.12)
− 1
8·4! ΘRab1···b4γ
b1...b4γc(η − F )−1 cahT −1 =
= − 1
2 ρ
q
1+( ρr)
2
∂qr ∂qr
Θ
[
(η − F )−1b0 + ρ
r
γ0 γ˜q (η − F )−1bq
]
γb γ¯ h
T −1
+
+ 1
2 r
Θ ∂q˜ r e
q˜
a (ξ)
[
γb (η − F )−1 ba − γa γ˜0γb (η − F )−1 b0 + rρ γaq γ0 γ˜b (η − F )−1bq
]
γr γ¯ h
T −1
,
where b = (a, i), with a = (0, q) being tangent space worldvolume indices and q = 1, · · · , 5
corresponding to X5, i = 1, 2, 3, r denote the directions transverse to the D5 brane with the
index r being of the radial AdS5 direction, e
m
a (ξ) = (e
q˜
a , e
0
a ), e
q˜
0 = e
0
q = 0, is the inverse
vielbein associated with the induced worldvolume metric (7.10), γ¯ = 1
6!
ǫa1···a6 γ˜
a1 · · ·γa6 and
γ¯ h
T −1
= 1√|η+F |
(
1− 1
2
γ˜a1a2 Fa1a2 − 18 γ˜a1a2a3a4 Fa1a2 Fa3a4 − 12·4! ǫa1···a6 Fa1a2 Fa3a4 Fa5a6 γ¯
)
.
The equation (7.12) tells us how the worldvolume fermions interact with the non–zero
worldvolume flux F2 induced by the background R5 flux.
Analogously, one can consider the dual case, i.e. a D5 brane filling AdS5 and wrapping
a cycle in X5. The form of the equations remain the same with only difference that the time
component gets replaced with the component corresponding to the cycle in X5 wrapped by
the D5 brane. A warp compactification counterpart of this situation will be considered in
Subsection 7.2.1.
7.2 D5 and D7 branes in warped compactification backgrounds
Let us consider D5 and D7 branes in a more generic, warped M4 ×w X6 compactification
background introduced in the beginning of Subsection 7. To simplify things we shall mainly
restrict ourselves to backgrounds with a constant dilaton–axion except for the example of a
D5–brane instanton. Recall that, to preserve Lorentz invariance in M4 the three form fluxes
H3 and R3 along M4 are assumed to be zero.
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7.2.1 Space–time filling D5 brane
Consider a D5 brane that fills the effective four–dimensional space–time and wraps a two–
cycle in X6. This brane configuration participates e.g. in the tadpole cancelation (see [71]
for a review and references). The D5 brane equations take the following form.
The worldvolume scalar field equation is (3.23), (3.26), (3.27)
e−ΦK iba (η + F )
−1(ab) = e−ΦDiΦ− e
−Φ
2
H iab (η + F )
−1ab − 1
6!
1√
|η + F | ǫ
a1···a6 Ria1···a6
(7.13)
− 1
2 · 4!
1√|η + F | ǫa1···a6 Ria1···a4 Fa5a6 − 116 1√|η + F | ǫa1···a6 Ria1a2 Fa3a4 Fa5a6
− 1
2 · 4!
1√|η + F | ǫa1···a6 Fa1a2 Fa3a4 Fa5a6 Ri ,
where the first and the last term vanish in the constant axion–dilaton background.
In the case when the brane is static and does not fluctuate in orthogonal directions, and
taking into account that R7 = −R∗3 and the form of R5 (7.4), the equation (7.13) in the
linear BI field approximation reduces to
e−ΦKaai = e−ΦDiΦ+
e−Φ
2
H iq1q2 F
q1q2 +
1
6
ǫii2i3i4 Ri2i3i4 −
1
2
ǫq1q2 Fq1q2 ∂
i lnZ(y) +O(FF ) .
(7.14)
Recall that the index i = 1, 2, 3, 4 corresponds to the four directions in X6 transversal to the
brane, q1, q2 = 1, 2 correspond to the directions of X6 along the brane and the indices r are
those of M4 which is part of the worldvolume, i.e. a = (r1, · · · , r4, q1, q2).
The BI equation for the D5 brane is
Db
(
e−Φ (η + F )−1 [ba]
√
|η + F |
)
=
1
5!
ǫab1···b5Rb1···b5 +
1
2 · 3! ǫ
ab1···b5 Rb1b2b3 Fb4b5 (7.15)
+
1
8
ǫacb1···b4 Rc Fb1b2 Fb3b4 ,
where again the last term vanishes in the constant axion–dilaton background Rc = 0 = Φ,
which we shall further assume.
If the space–time M4 filling D5 brane does not fluctuate in X6, the second term of the
right hand side of (7.15) also vanishes (since R3 with any number of indices in M4 is zero)
and in the linear approximation eq. (7.15) reduces to the Maxwell equation
Db F ba = − 1
5!
ǫab1···b5 Rb1···b5 = −δaq1 ǫq1q2∂q2 lnZ ⇒
(7.16)
⇒ Db F br = 0, Db F bq1 = −ǫq1q2 ∂q2 lnZ(y) ,
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We observe that in the directions of M4 the worldvolume gauge field equation is source–less,
while in the directions of X6 along the brane it acquires the non–constant source term. We
can thus put to zero all components of F2 alongM4 (in which case the D5–brane configuration
preserves M4 Lorentz invariance). Remaining Maxwell equation for Fq1q2 is
Dq2 F q2q1 = −ǫq1q2 ∂q2 lnZ(y) , ⇒ Fq1q2 = ǫq1q2 (c + lnZ(y)) ,
where c is an integration constant.
In the full non–linear case, the Born–Infeld equation for the worldvolume field on the X6
part of the D5–brane worldvolume is similar to the D1–brane equation (6.17) (the difference
is only in the sign in the square root because of the Euclidean metric on X6) and is also
exactly solvable
∂q
(
F√
1 + F 2
)
= ∂q lnZ ⇒ F = c+ lnZ√
1− (c+ lnZ)2 , Fq1q2 = ǫq1q2 F . (7.17)
We see that the worldvolume gauge field may have a non–trivial flux on a two–cycle of
X6 wrapped by the D5 brane. The constant part of its field strength can be regarded as the
magnetic field of a monopole located in the center of the compact two–cycle of X6.
The bosonic equation (7.13) for the static space–time filling D5 brane with the BI field
(7.17) in the constant axion–dilaton background takes the following form
1
1 + F 2
Kq
qi =
F
2(1 + F 2)
H iq1q2 ǫ
q1q2 − 1
6
√
1 + F 2
ǫi1i2i3i4 Ri2i3i4 − ( c− 1 + lnZ) ∂i lnZ(y) .
(7.18)
When deriving (7.18) we took into account that for the static (∂m x
i = 0) D3 brane under
consideration the trace Kr
ri of the components of the second fundamental form in M4 is
Kr
ri = −∂i lnZ (7.19)
which follows from the definition (3.26) of the second fundamental form and the form of the
warped M4×wX6 metric and connection. Note also that the components Kqri of the second
fundamental form with the index r in M4 and the index q in X6 are zero.
Finally, for this D5 brane configuration the Dirac equation is
DrΘ γr + 11+F 2 (DqΘ γq −Dq2 Θ γq1 ǫq1q2 F ) + = F4 Θ γi γ˜q1q2 ǫq1q2 ∂i lnZ
+1
4
Θ γab γc
[
1
3!
(
Habc − 2+F 21+F 2 Rabc h
T −1
)
− 1
2
ηc a (η − F )−1 ad
(
Hdab −Rdab hT −1
)
+
(7.20)
+ F
2·3! (1+F 2) Rabcγ˜q1q2 ǫ
q1q2 h
T −1
]
− 1
8·4! ΘRbc1...c4γ
c1...c4γa(η − F )−1abhT −1 +
+1
4
Θ γi (1 +
F
2
γ˜q1q2 ǫq1q2)
(
F
(1+F 2)
Hi q1q2 ǫ
q1q2 + 1
3
√
1+F 2
ǫii2i3i4 Ri2i3i4 − ∂i ( c+ lnZ)2
)
,
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where the underlined indices run (as usual) from 0 to 9; a = (r, q); r = 0, 1, 2, 3 are in M4,
q = 1, 2 and transverse i = 1, 2, 3, 4 are in X6,
h
T −1
= − 1√
1 + F 2
(F − 1
2
ǫq1q2 γ˜
q1q2) γ˜5 and γ˜5 =
1
4!
ǫr1···r4 γ˜
r1···r4 .
It seems of interest to study in detail this D5 brane configuration in concrete compacti-
fication schemes (see [71] and references therein).
7.2.2 D5 brane instanton wrapping Calabi–Yau six–fold
Consider now a Euclidean D5 brane (instanton) wrapping X6
14 . Then H3, R3 and R5,
which in the general case are non–zero in X6, can induce a worldvolume flux in the D5 brane
worldvolume in virtue of the BI equations.
For the D5–brane instanton on X6, which does not fluctuate in transverse directions, and
the background fluxes are non–zero only on X6, the both sides of the worldvolume scalar
field equation (7.13) are identically zero separately.
The D5 worldvolume field strength must satisfy the Bianchi identity d F2 = −H3|X6 and
obey the BI field equation (3.11). In view of our ansatz (6.31), (6.32) for the Wick rotated
R5 flux in X6 the BI equation takes the form
−Db
(
(δ − F )−1 [ba]
√
|δ + F | e−Φ
)
=
(7.21)
= −i ∂ a lnZ + i
2·3! ǫ
ab1b2b3b4b5 Rb1b2b3 Fb4b5 +
i
8
ǫab1b2b3b4b5 Rb1 Fb2b3 Fb4b5 .
Since with our assumption about the Wick rotation, the left hand side of (7.21) is real, while
its right hand side is imaginary they should be equal to zero separately. Such an ansatz
allows us to find particular solutions of the D5 brane equations of motion. E.g. this imposes
the relation between the warp factor and the R1, R3 and F2 fluxes similar to that for the D3
brane instanton of Subsection 6.2.2 15
−∂ a lnZ + 1
2 · 3! ǫ
ab1b2b3b4b5 Rb1b2b3 Fb4b5 +
1
8
ǫab1b2b3b4b5 Rb1 Fb2b3 Fb4b5 = 0 .
14NS5 brane instantons wrapping a Calabi–Yau manifold in type IIA theory have been studied in [73] and
references therein.
15Eric Bergshoeff pointed our attention to the fact that since the axion field C0 is a pseudoscalar, it should
be replaced with iC0 upon Wick rotation. This, in particular, is required for getting D–instanton solutions
in Euclidean type IIB supergravity. In our case this will result in additional factor of i in the term with the
R1 flux and hence in a different splitting of eq. (7.21) into the real and imaginary part, namely
Db
(
(δ − F )−1 [ba]
√
|δ + F | e−Φ
)
=
1
8
ǫab1b2b3b4b5 Rb1 Fb2b3 Fb4b5 ,
∂ a lnZ =
1
2 · 3! ǫ
ab1b2b3b4b5 Rb1b2b3 Fb4b5 .
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The Dirac equation (6.11) for the D5 brane fermionic modes is (where under the Wick
rotation h
T −1 → i hT −1)
−e−ΦDbΘ γa (δ − F )−1ab = −18 Θ
[
−4 e−Φ γaDaΦ− 2i Ra γahT −1
−2iRbγa(δ + F )−1abhT −1 + iRc γc γ˜b γa (F (δ + F )−1)abhT −1
]
(7.22)
+1
4
Θ
[
1
3!
γabc
(
e−ΦHabc − 2i Rabc hT −1
)
+ 1
2
γcdγa (δ + F )
−1 ab
(
e−ΦHbcd − i Rbcd hT −1
)
−
+ i
2·3! Rcdf γ
cdf γ˜b γa (F (δ + F )
−1)abh
T −1
]
+1
8
Θγ5 γa ∂b lnZ (δ + F )
−1 abh
T −1
+ i
8
Θ γcb γa∂
c lnZ (δ + F )−1 abγ¯ h
T −1
,
where γ5 = 1
4!
ǫi1···i4 γ
i1 · · · γi4 is the gamma–five matrix of M4 orthogonal to the D5 brane
worldvolume, γ¯ = 1
6!
ǫa1···a6 γ˜
a1 · · · γa6 and
h
T −1
= 1√|δ+F |
(
γ¯ − 1
2· 4! ǫ
a1···a6 γ˜a1···a4 Fa5a6 +
1
16
ǫa1···a6 γ˜a1a2 Fa3a4 Fa5a6
− 1
2·4! ǫ
a1···a6 Fa1a2 Fa3a4 Fa5a6 1
)
.
Note that theD5–brane instanton acquires the worldvolume flux also in compactifications
on M4 ×X6 with non–zero fluxes H3 and R3 in X6 but with zero R5 and R1.
In such cases the D5 worldvolume flux is defined by the relations
dF2 = −H3|X6, Db
(
(δ − F )−1 [ba]
√
|δ + F | e−Φ
)
= − i
2 · 3! ǫ
ab1b2b3b4b5 Rb1b2b3 Fb4b5 .
Since, as we assume (upon the Wick rotation) the l.h.s. of the latter equation is real and
the r.h.s. is imaginary, they must vanish separately which imposes further condition on Fab
R3 F2 = 0 ⇒ d (R3 F2) = −R3H3 = 0 . (7.23)
The simplest situation when the above equation is satisfied is R3 = 0. This takes place in
the compactification solutions of Type A in the Table 3.4 of [71].
In such a background the Dirac equation of the D5 brane instanton is
DbΘ γa (δ − F )−1 ab = −18 Θ
(
4 γaDa Φ+
1
3
γabcHabc + γ
cdγa (δ + F )
−1 abHbcd
)
. (7.24)
It will be of interest to analyze non–perturbative effects due to the D5 brane instantons in
effective four–dimensional theory.
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7.2.3 Compact space filling D7 brane
A D7 brane wraps X6 and its worldvolume has time and one space direction along M4. So it
looks like a string for an observer living in M4. The D7 brane scalar field equation is (3.23),
(3.27)
e−ΦK iba (η + F )
−1(ab) = e−ΦDiΦ− e−Φ
2
H iab (η + F )
−1ab
+ 1√|η+F |
(−ǫij Rj + 1
16·4! ǫ
a1···a8 Fa1a2 Fa3a4 Fa5a6 Fa7a8 R
i
(7.25)
−1
2
ǫij Rjab Fab +
1
16·3! ǫ
a1···a8 Ria1a2 Fa3a4 Fa5a6 Fa7a8
+ 1
8·4! ǫ
a1···a8 Ria1a2a3a4 Fa5a6 Fa7a8
)
.
The second fundamental form K iba of the embedded D7 brane worldvolume is defined in
(3.26).
If the brane is static and does not fluctuate along the transverse space directions, for
a given M4 Lorentz preserving configuration of non–zero fluxes H3, R3 and R5 in X6 and
a constant axion–dilaton, the right hand side of (7.25) vanishes. Also K iba = 0 for such
a static embedding into the warped background, due to the definition (3.26) of the second
fundamental form and because xi are transverse directions in M4 on which the warp factor
Z(y) does not depend. In this case the BI equation takes the form
Db
(
(η + F )−1 [ba]
√
|η + F |
)
= −1
2
δaq ǫ
r1r2 Fr1r2 ∂q lnZ − δar1 ǫr1r2 Fr2q ∂q lnZ
(7.26)
− 1
4!
δaq ǫ
qq1q2q3q4q5 ǫr1r2 (Rq1q2q3Fq4q5 Fr1r2 − 2Rq1q2q3Fr1q4 Fr2q5)
− 1
3!
δar1 ǫ
r1r2 ǫq1q2q3q4q5q6 Rq1q2q3Fr2q4 Fq5q6
where a = (r1, r2, q) is the D7 worldvolume index, the index q corresponds to the X6 part
of the D7 brane, the indices r1, r2 label the two directions of the D7 worldvolume along M4
and the indices i, j = 1, 2 correspond to the M4 orthogonal directions. The BI field strength
satisfies the Bianchi identity dF2 = −H3|X6 and thus at least Fq1q2 in X6 is intrinsically
non–zero if the pullback of the NS–NS flux is non–zero.
Finally the static D7 brane Dirac equation is
DbΘ γa (η + F )−1ab =
(7.27)
−1
8
Θ γq1q2 γa
[
1
3
δaq3
(
Hq1q2q3 − 3Rq1q2q3 hT −1
)
− (δ − F )−1 aq3
(
Hq1q2q3 − Rq1q2q3 hT −1
)
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− 1
3!
δaq3 Rq1q2q3 γ˜b γc (F (η − F )−1)cbh
T −1
]
− 1
8·4! Θ ǫ
q1···q6 γq1···q4∂q5 lnZ γ
a(η − F )−1 aq6 hT −1
− 1
16
Θ ǫij γ
ij γr1 ǫr1r2 (η + F )
−1 r2a ∂q lnZ γ˜q γa h
T −1
,
where
h
T −1
= 1√|η+F |
(
γ¯ − 1
2·6! ǫ
a1···a8 γ˜a1···a6 Fa7a8 +
1
8·4! ǫ
a1···a8 γ˜a1···a4 Fa5a6 Fa7a8
− 1
16·3! ǫ
a1···a8 γ˜a1a2 Fa3a4 Fa5a6 Fa5a6 +
1
16·4! ǫ
a1···a8 Fa1a2 Fa3a4 Fa5a6 Fa5a6 1
)
and γ¯ = 1
8!
ǫa1···a8 γ˜a1···a8 .
7.2.4 Space–time filling D7 brane
A D7 brane fills M4 and wraps a four–fold in X6. Such a D7–brane takes part in the tadpole
cancelation and gaugino condensation (see [71] for a review and references). The role of D7
brane worldvolume fluxes in the generation of supersymmetry breaking terms in effective
four–dimensional theory has been discussed in [34, 36].
If the D7 brane is static and does not fluctuate in the transverse directions of X6 its
scalar field equation is similar to (7.25) and in the constant axion–dilaton background takes
the form
K iba (η + F )
−1(ab) = −1
2
H iq1q2 (η + F )
−1q1q2 − 1
2
√
|η+F | ǫ
ij Rjq1q2 F
q1q2
(7.28)
+ 1
8
√
|η+F | ∂
i lnZ Fq1q2 Fq3q4 ǫ
q1···q4 − 1
8
√
|η+F | ǫ
ij ∂j lnZ Fr1r2 Fr3r4 ǫ
r1···r4
+ 1
4·4!
√
|η+F | ǫ
a1···a8 Ria1a2 Fa3a4 Fa5a6 Fa7a8 ,
where the second fundamental form K iba of the embedded worldvolume has been defined in
(3.26), a = (r, q) is the D7 worldvolume index, the indices r correspond to the M4 part of
the D7 brane and the indices q = 1, 2, 3, 4 label the four directions of D7 along X6. The
indices i denote two directions of X6 orthogonal to D7. Z(y) is the warp factor defining the
R5 flux (7.4).
The equation of motion of the D7–brane BI field (satisfying the Bianchi identity dF2 =
−H3) is
Db
(
(η + F )−1 [ba]
√|η + F |) = 1
2
δaq ǫi1i2 R
qi1i2 − 1
2
δaq1 ǫ
q1q2q3q4 Fq2q3 ∂q4 lnZ
(7.29)
− 1
2·3! δ
a
r1
ǫr1r2r3r4 ǫq1q2q3q4 Rq1q2q3 Fq4r2 Fr3r4 − 12·4! δaq1 ǫq1q2q3q4 Rq2q3q4 Fr1r2 Fr3r4 ǫr1r2r3r4 .
We can further assume that for the space–time filling D7–brane configuration to preserve
M4 Lorentz invariance, the vacuum value of its Born–Infeld field in M4 is zero, namely
46
Fr1r2 = Frq = 0. Then, taking into account that the trace of the components of the second
fundamental form along warped M4 is given by eq. (7.19), the bosonic equations (7.28) and
(7.29) reduce, respectively, to
Kq2q1
i (δ + F )−1(q1q2) = −∂i lnZ − 1
2
H iq1q2 (δ − F )−1q1q2 + 12√|δ+F | ǫ
ij Rjq1q2 F
q1q2
(7.30)
− 1
8
√
|δ+F | ∂
i lnZ Fq1q2 Fq3q4 ǫ
q1···q4
and
Dq2
(
(δ − F )−1 [q2q1]
√
|δ + F |
)
= −1
2
ǫi1i2 R
q1i1i2 +
1
2
ǫq1q2q3q4 Fq2q3 ∂q4 lnZ . (7.31)
For Fr1r2 = Frq = 0 in M4, the Dirac equation has the following form
Dr Θ γr −Dq1 Θ γq2 (δ − F )−1 q1q2 − 12 K(q2q1)i Θ γiγ˜q1q3[F (δ − F )−1]q3q2 =
−1
8
Θ γq1q2 γq3
[
1
3
(
Hq1q2q3 − 3Rq1q2q3 hT −1
)
− (δ − F )−1 q3q4
(
Hq1q2q4 − Rq1q2q3 hT −1
)
+ 1
3!
Rq1q2q3 γ˜q4 γq5 (F (δ + F )
−1)q5q4h
T −1
]
− 1
2
Θ γ5 (γq ∂q lnZ + γi ∂i lnZ) h
T −1
(7.32)
+ 1
16·3! Θ γ
i ǫij ∂
j lnZ ǫq2q3q4q5 γ˜
q2q3q4 γq1(δ − F )−1 q5q1 hT −1
− 1
64
Θ γij ǫij ǫq2q3q4q5∂
q4 lnZ γ˜q2q3 γ˜q1(δ − F )−1 q5q1 hT −1
−1
8
Θ γ5 ∂q1 lnZ (δ − F )−1q1q2 γq2 hT −1 + 14 Θ γiHiq1q2 (δ − F )−1q1q2
− 1
4
√
|δ+F | Θ γi ǫ
ij Rjq1q2 F
q1q2 + 1
16
√
|δ+F | Θ γi ∂i lnZ Fq1q2 Fq3q4 ǫ
q1q2q3q4 ,
where γ5 = 1
4!
ǫr1r2r3r4 γ
r1r2r3r4 is the gamma–five matrix on M4 and
h
T −1
=
1√|δ + F | ǫq1q2q3q4
(
1
4!
γ˜q1q2q3q4 −
1
4
Fq1q2(γ˜q3q4 −
1
2
Fq3q4 1)
)
γ˜5 .
In the case when F2 is self–dual or anti–self–dual on the four–cycle of X6, the Dirac equation
can be simplified using the relations for self–dual F2 given in Subsection 6.2.2.
7.2.5 D3 branes in AdS3 × S3 ×X4 and M4 × S3 × S3
In the variety of brane configurations and compactification setups considered in the literature
one can easily find other examples when the BI worldvolume field on the brane is non–zero.
For instance, consider a compactification of type IIB string theory on AdS3 × S3 × X4
or M4 × S3 × S3 with non–zero H3 and R3 fluxes in S3 and/or AdS3. Then a D3 brane
wrapping S3 or AdS3 will carry a non–zero BI field and a corresponding effective charge, like
the D5 branes in the examples of Subsection 7.1.
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8 Conclusion
We have carried out a detailed analysis of the bosonic and fermionic equations of motion of
type IIB D branes in generic supergravity backgrounds with fluxes taking into account the
worldvolume BI field. We have presented the explicit form of these equations for each of
the Dp branes (p = 1, 3, 5, 7, 9) in the cases in which the H3 and Rp fluxes along the brane
worldvolume are zero and the supergravity backgrounds do not induce the worldvolume BI
gauge field. We then gave several examples of brane configurations in which the worldvolume
flux is intrinsically non–zero and thus must be taken into account in studying the problems
in which such branes are involved.
It would be of interest to analyze further the brane configurations with background and
worldvolume fluxes discussed in the above Subsections and other ones and to study their
effects in concrete compactification setups, supersymmetry etc., e.g. within the lines of
recent papers considering properties and effects of D3, D5 and D7 branes [36] and Euclidean
D3 branes [74] on cycles of warped Calabi–Yau manifolds.
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Appendix
The underlined indices a, b, . . . = 0, 1, · · · , 9 are D = 10 target space indices. The indices
a, b, c, d = 0, 1, · · ·p are those of (p+ 1)–dimensional Dp–brane worldvolume and the indices
i, j, k = 1, · · · , 9− p are of the directions orthogonal to the worldvolume.
We use the mostly minus convention for the Minkowski metric ηab = diag (+,− · · · , −).
The unit antisymmetric tensor ǫa0···a9 is defind as follows ǫ0123456789 = 1 and γ0γ˜1 · · · γ˜9 =
−γ˜0γ1 · · · γ9 = 1, where γaαβ and γ˜aαβ are 16 × 16 (symmetric) matrix counterparts of the
Pauli matrices satisfying the relations
γa γ˜b + γb γ˜a = 2 ηab , γ[a1 γ˜a2 · · · γa5] = 1
5!
ǫa1···a5 a6···a10 γa6 γ˜a7 · · · γa10 . (8.33)
Note that there is no “charge conjugation” matrix in D = 10 which would lower or rise 16–
component Majorana–Weyl spinor indices α, β. This is why one should distinguish between
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γaαβ and γ˜
aαβ.
The explicit expression for the generalized covariant derivative acting on the κ–symmetry
projector matrix h in the concise form of the bosonic equations (5.1) in the Einstein frame
is
Dbh = Dbh +
1
8
{
H/ γ˜b + γb H˜/ , h
}
− 1
4(p+1)
{H/ γ˜c , h} (η + F )cb −
−1
4
[∇/Φ γ˜b , h]− 12(p+1) [∇/Φ γ˜c , h] (η + F )cb −
− 1
8
eΦ
(
γb R˜/1 + hγb R˜/1 h
)
− 1
2(p+1)
eΦ (R/1 γ˜
c (η − F )cb − hR/1 γ˜c h(η + F )cb) +
+ 1
8
e
1
2
Φ
(
γb R˜/3 − hγb R˜/3 h
)
+ 1
4(p+1)
e
1
2
Φ (R/3 γ˜
c (η − F )cb + hR/3 γ˜c h (η + F )cb)−
− 1
16
(
γb R˜/5 + h γb R˜/5 h
)
where the slashed objects imply the contraction of the components of D = 10 n–forms Wn
(n = 1, 3, 5) with γaαβ and γ˜
aαβ such thatW/n :=
1
n!
γa1···an Wa1···an and W˜/n :=
1
n!
γ˜a1···an Wa1···an .
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